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We investigate the asymptotic safety scenario for a scalar-gravity system. This system contains
two avatars of the dynamical Newton coupling, a gravitational self-coupling and a scalar-graviton
coupling. We uncover an effective universality for the dynamical Newton coupling on the quantum
level: its momentum-dependent avatars are in remarkable quantitative agreement in the scaling
regime of the UV fixed point. For the background Newton coupling, this effective universality is not
present, but qualitative agreement remains.
I. INTRODUCTION
In asymptotically safe quantum gravity the high-energy
regime is governed by a non-Gaussian fixed point. This
fixed point renders the ultraviolet (UV) behaviour finite,
making the theory non-perturbatively renormalisable [1,
2]. In recent years substantial evidence was collected
in favour of this scenario [3–63], also in scalar-gravity
systems [7–9, 64–80]. See, e.g., [81–86] for reviews.
The renormalisation group (RG)-idea behind asymp-
totic safety requires the split of the full metric gµν into a
background metric g¯µν and a dynamical fluctuation field
hµν that carries the quantum fluctuations. Naturally,
one of the most important ingredients in this approach
is keeping track of diffeomorphism invariance and back-
ground independence. In the present work we address
two questions that are linked to these key properties:
The first question concerns the dynamical couplings of
gravity-matter systems. Gauge theories feature different
avatars of the gauge coupling, a prominent example being
the running gauge couplings in the Standard Model. For
instance, in QED the running electric coupling can be
extracted from the wave function of the photon or from
the electron-photon vertex. This relation follows from the
Ward identities in QED. In QCD the running of the gauge
coupling can be extracted from different combinations of
vertex and propagator scalings including, e.g., the three-
gluon vertex and the quark-gluon vertex. Again this can
be derived from the identities following from the gauge
symmetry, in this case the Slavnov-Taylor identities.
In these examples the respective couplings are marginal
and exhibit two-loop universality. This facilitates the
identification. In gravity the above universality holds
for the (marginal) R2 and R2µν couplings. However, the
couplings in the classical Einstein-Hilbert action and the
minimal couplings to matter are dimensionful and univer-
sality is not expected on the quantum level anymore. Still,
the multi-graviton couplings related to Taylor expansions
of the terms in the classical action, e.g. 1/GN
√
det g R
and 1/GN
√
det gΛ agree on the classical level and are
related by Slavnov-Taylor identities in quantum gravity.
It is an intriguing physics question and of paramount
technical importance, whether for all practical purposes
these relations facilitate an identification, for example,
between all avatars of the minimal coupling in gravity,
the Newton coupling GN . We call this scenario effective
universality, which is detailed in the next section. The
quest for effective universality is motivated by its under-
lying physics properties. If realised it would hint at a
near-perturbative nature of the asymptotically safe fixed
point and, more importantly, at the physical nature of
the fixed point as it is unlikely that a truncation artefact
exhibits this property.
In the present work we investigate this question fo-
cusing on the dynamical pure gravity coupling and the
dynamical gravity-scalar coupling. We stress that due to
the dimensionful nature of the couplings, different avatars
of the Newton coupling could agree if evaluated within the
same scheme, but will of course depend, e.g., on the choice
of regulator function in the context of an functional RG
setup. In this work, universality is not to be understood
in the sense of scheme-independence at the two-loop level.
We find that the fixed-point values and the leading
coefficients of the above two couplings agree on a semi-
quantitative level as a function of the number of minimally
coupled scalars. These computations of dynamical cou-
plings in a vertex expansion about a flat background
extend the previous works of Refs. [3–10]. For extensions
about a curved background, see, e.g. [11, 12].
The second question concerns the couplings of the back-
ground metric. These couplings are related via Ward-
identities. Additionally, they are related to the dynamical
couplings discussed above via Nielsen identities or split
Ward identities. Importantly, these identities also carry
the background independence of quantum gravity. In the
present work we investigate to what extent the avatars
of the background couplings can be identified with that
of the fluctuation couplings. We emphasise that this
identification is at the root of the background-field ap-
proximation whose background independence stands or
falls with the validity of this identification.
In this work we do not only compare the avatars of the
background Newton coupling to that of the fluctuation
coupling, we also further improve the background coupling
to a level-one coupling with the explicit use of a Nielsen
identity. Related works on Nielsen identities in quantum
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2gravity are [18–27]. We find that the effective universality
that exists between the dynamical couplings is not present
for the background and the level-one couplings. However,
general qualitative features of the flow equations, such as
as the sign of the scalar contribution, are preserved for
all avatars of the Newton coupling.
II. AVATARS OF COUPLINGS AND
EFFECTIVE UNIVERSALITY
In this section we explain the origin of different avatars
of couplings in the effective action of matter-gravity sys-
tems. We further discuss their relation via the modified
symmetry relations, STIs and Nielsen-identities, that are
derived from the underlying diffeomorphism invariance
and its breaking in the presence of cutoff terms. In short,
effective universality is the notion that these complicated
symmetry identities are well approximated by Ward iden-
tities, that is a diffeomorphism-invariant approximation
of the effective action, for more details see Sec. II C.
A. Avatars of couplings in matter-gravity systems
Asymptotically safe matter-gravity systems and their
physics can be described in terms of the effective action
Γ[g¯µν , hµν , ϕ] in a gauge-fixed setting. In the effective
action we have dropped the Faddeev-Popov ghosts and re-
stricted ourselves to the case with scalar matter described
by ϕ. The field hµν denotes dynamical metric fluctuations
around a generic background metric g¯µν . The occurrence
of the latter comes hand in hand with the gauge fixing.
The relation between background metric and fluctuation
field is not necessarily linear, but in the present work we
consider the linear split
gµν = g¯µν +
√
ZhGN hµν , (1)
with the graviton wave-function renormalisation Zh nor-
malised to one at some RG scale Λ. In (1) we have dropped
the wave-function renormalisations of gµν , g¯µν for the sake
of readability. The GN -factor leads to a fluctuation field
hµν with the canonical dimension one. The effective ac-
tion Γ[g¯µν , hµν , ϕ] is not diffeomorphism-invariant, but
satisfies non-trivial Slavnov-Taylor identities (STIs). The
information on physics is carried by the diffeomorphism-
invariant effective action,
Γ[gµν , ϕ] = Γ[gµν , hµν = 0, ϕ] . (2)
and the respective background correlation functions are
related to S-matrix elements. However, their computa-
tions requires the knowledge of the scattering processes
with dynamical gravitons hµν . These processes are de-
scribed through different couplings G~n, where the vector
~n consists of the numbers of the different dynamical fields
Φ =
(
hµν , cµ, ϕ, . . .
)
that take part in the process,
~n =
(
nh, nc, nϕ, . . .
)
. (3)
The couplings G~n of all these fields to the dynamical
graviton are avatars of the gravitational self-coupling GN .
In the present study we concentrate on gravity-scalar
couplings. This leaves us with couplings labelled by two
indices only,
G(nh,nϕ) . (4)
We denote dimensionless versions of the Newton coupling
by capital letters, e.g. as above G(nh,nϕ), and dimension-
ful versions with an additional over-bar, such as G¯(nh,nϕ).
The fluctuation couplings G(nh,nϕ) defined in (4) are re-
lated to the expansion coefficients in an expansion in
powers of hµν , the couplings G(ng¯,nϕ) are related to those
in an expansion in powers of g¯µν . The respective vertices
are given by
Γ(n,m,l)(p1, . . . , pn+m+l)
=
δn+m+lΓ[g¯, h, ϕ]
δg¯n(p1, . . .)δhm(. . . , pi, . . .)δϕl(. . . , pn+m+l)
,
(5)
where we suppress the indices on g¯ and h for brevity of
notation. The couplings (4) are now defined by (5) at
selected kinematic configurations. In this work, we focus
on G(3,0) and G(1,2) defined at the momentum-symmetric
point. The former coupling relates to the scattering of
three gravitons, and is derived from the pure gravity part
of the effective action. The coupling G(1,2) relates to the
scattering of one graviton and two scalars, and is derived
from the kinetic term of the scalars. This coupling is
also present in the free -no self-interaction- scalar theory
and can be considered the fundamental coupling of scalar
fields to gravity. We compare these couplings based on
their flow equations. We do not compute the explicit
STIs that relate them. In general the information from
the flow and the STIs is equivalent, but in a truncated
non-perturbative computation they will not agree. It is
an important task to quantify to what extent the STIs
are satisfied but this goes beyond the scope of this work.
The computation of the STIs is a technically challenging
task, for an example in QCD see [87, 88].
Evidently these couplings cannot be defined uniquely
and depend on the given kinematical limit. Note that
this even holds for dimensionless couplings beyond one
loop, despite their universal RG running. Accordingly,
the evaluation of, e.g., scattering processes with different
momentum configurations requires an analysis of the cor-
responding n-point vertex as a function of all its indepen-
dent momenta, i.e., a simple function of one momentum
cannot capture the full dynamics adequately. If dealing
with an approximation to the theory that does not main-
tain the full momentum-dependence of vertices, a typical
choice is the symmetric point, for higher-order vertices a
symmetric point. Using these momentum configurations
can lead to semi-quantitative agreement with the full re-
sults even in strongly-correlated systems, for recent work
in gravity see [6], and in QCD see [88]. For a related
3discussion in the effective field theory approach to gravity
see [89]. Keeping this caveat in mind, we proceed with our
study whether avatars of the Newton coupling, defined
using the symmetric momentum configuration of various
three-point vertices, show semi-quantitative agreement.
With the dynamical vertices (5) and the dynamical
propagators we can compute the background vertices, that
is the S-matrix elements. This leads to further avatars of
the Newton coupling, this time being directly related to S-
matrix elements for the selected momentum configuration.
In the present work we consider the avatar of the Newton
coupling of the background curvature term in the action.
It is distinguished from the G~n by two properties: first it
is the prefactor of a diffeomorphism invariant term in the
action. Second, as a pure background quantity it does not
drive the RG flow of the system, which is driven by the
fluctuation field and its couplings. In this work, we refer
to its dimensionless version as G¯ and the dimensionful
version as GN .
B. RG-approach to asymptotically safe
matter-gravity systems
The standard approach to computations in asymptoti-
cally safe gravity is the functional renormalisation group
(FRG). The FRG approach to quantum gravity is based
on the flow equation for the effective action, the Wetterich
equation [90–92],
∂tΓk =
1
2
Tr [Gk ∂tRk] . (6a)
In (6a) we have introduced the RG-time t = log k/k0 with
a reference scale k0. The trace sums/integrates over the
discrete/continuous spectrum of the propagator Gk. We
emphasise that the flow of the effective action is solely
driven by the second derivatives of the effective action
w.r.t. the fluctuation fields. Accordingly it depends on
the fluctuation propagators
Gk =
1
Γ
(0,2)
k +Rk
, (6b)
with the second fluctuation field derivatives defined in
(5), and the background-metric-dependent graviton and
scalar field regulators Rh,k and Rϕ,k respectively. While
Γ
(0,2)
k is a matrix in field space, which features off-diagonal
components, the regulators are chosen to be diagonal. We
have dropped the ghost contribution in (6a) for the sake of
readability while taking it into account in our calculations.
Induced scalar-ghost interactions [93] are neglected in our
truncation.
Let us now come back to the question of the symme-
try identities mentioned in Sec. II A. While background
diffeomorphism invariance is introduced as a mere com-
putational tool and can even be established for theories
without diffeomorphism invariance, it inherits the physical
diffeomorphism invariance of gravity via the diffeomor-
phism STIs and the NIs/sWIs. The latter carry the
background independence of gravity by relating deriva-
tives with respect to the background metric g¯µν and the
fluctuation field hµν .
In summary, the approach encodes the background in-
dependence and diffeomorphism invariance of observables
in a counter-intuitive way: background independence of
the setting implies nontrivial relations instead of simple
equalities between couplings that would be equal in a
classical, diffeomorphism invariant setting. This also im-
plies that diffeomorphism invariant approximations to
Γ[g¯µν ,Φ] are potentially at odds with physical diffeomor-
phism invariance and background independence. They
should be taken with a grain of salt and have to be in-
vestigated thoroughly. The current work is a first step in
this direction in a coupled matter-gravity system.
In the present renormalisation group setup the situa-
tion is even more intricate as diffeomorphism invariance
and background independence are broken by the presence
of the infrared regularisation. Any local coarse graining
procedure requires the introduction of a background in
order to define a notion of high-momentum modes. The
presence of the corresponding cutoff term leads to modi-
fied STIs, NIs/sWI. In the limit k →∞ these deviations
from the standard STI and sWI may play a crucial roˆle
for the correct description of the physical dynamics. In
order to restore background independence in the physical
limit k → 0, the violation of diffeomorphism invariance
and background independence introduced via the regu-
lator must be compensated for by an appropriate UV
initial condition. This UV initial condition violates diffeo-
morphism invariance and background independence such
that the violation is fully ’eaten up’ by the RG flow to
the IR. Note also that the physical UV limit is the one
where physical scales (momenta, curvature etc) take large
values, but k is kept at k = 0. Although physical scales
can act as an IR cutoff, the UV limit k →∞ could show
differences from the limit where physical scales such as
momentum or curvature scales take their UV limit.
C. Effective universality
In the setup in Sec. II A and Sec. II B already one
diffeomorphism-invariant operator at the classical level,
for example the curvature scalar
√
gR leads to infinitely
many different couplings at the quantum level: These are
obtained by taking the nth hµν-derivative of
√
gR and
projecting Γ(n) (given a complete basis) on this tensor
structure. While still being related by STIs their cou-
plings do not agree. In the presence of the regularisation
these STIs turn into mSTIs.
The situation is slightly different for the nth order back-
ground couplings: they even agree at the full quantum
level as they are related by Ward identities due to back-
ground diffeomorphism invariance. This property even
survives the introduction of the regularisation. However,
4as discussed above, the computation of their β-functions
requires the knowledge of the fluctuation vertices. They
are related to the background vertices by the Nielsen or
split Ward identities, which turns the Ward identities into
the STIs. In the presence of the regularisation we have
modified NIs as we have mSTIs.
This leaves us with the technical challenge of computing
all these coupling avatars related to a given operator, in
the present example the avatars of the Newton coupling.
Specifically, the challenge lies in the need to close a given
system of flow equations for correlation functions that
depend on the higher-order correlation functions. To that
end one has to provide an ansatz for higher-order cou-
plings for which the flow is not computed. The canonical
choice is their classical value. In quantum gravity this
canonical choice leads to an identification of all higher-
order couplings derived from a given operator with the
lowest-order one, effectively restoring diffeomorphism in-
variance. This we call effective universality.
For example, let us assume for a moment that we only
compute the flow of one avatar of the Newton coupling.
Then the canonical choice leads to the identification of
all higher order Newton couplings with the lowest order
one. If we apply this concept to the dynamical system,
effective universality can be summarised by
G(nh,nϕ) ≈ G , nh, nϕ ∈ N , (7)
with a unique Newton coupling for a suitably chosen mo-
mentum configuration. One of the main aims of this paper
is to compare the scale dependence of these couplings un-
der the impact of quantum fluctuations of the metric and
of Ns scalar fields.
In its maximal version for both, background couplings
and fluctuation couplings, effective universality can be
summarised in a concise form of the effective action,
Γ[g¯µν , hµν , ϕ] = Γdiff[g¯µν + hµν , ϕ]
+ ∆Γgauge[g¯µν , hµν , ϕ] . (8)
with a diffeomorphism-invariant action Γdiff[g] and
∆Γgauge[g¯µν , hµν , ϕ] ≈ Sgf[g¯µν , hµν ] + Sgh[g¯µν , hµν , cµ] ,
(9)
with gauge fixing and ghost action, Sgf and Sgh, respec-
tively, see [2, 94]. Furthermore, only the regulator terms
would carry the breaking of background independence.
This approximation is called the background-field approx-
imation. It has been used predominantly in the RG
approach to quantum gravity and is being paramount
to effective field theory applications in quantum gravity
[95–101].
In summary the quest for effective universality is di-
rectly related to the task of finding an efficient (rapidly
convergent) expansion of the quantum effective action of
matter-gravity systems in diffeomorphism-invariant op-
erators. While this task is seemingly a technical one it
is -in disguise- the quest for the aspects of physics that
govern quantum gravity systems.
III. RG FOR SCALAR-GRAVITY SYSTEMS
In the present work we aim to shed light on the above
issues and specifically explore in which settings effective
universality may emerge in simple approximations. To
that end we compare two avatars of the dynamical Newton
coupling in this section. The first is defined from the three-
graviton vertex, as in [5–7, 10], and its dimensionless
version is called G(3,0). The second one is defined from
the graviton-two-scalar vertex as in [8, 9], and is called
G(1,2).
To project the RG flow (6a) onto a given coupling
G(n,m) we take n functional derivatives with respect to
the graviton and m with respect to the scalar field. The
resulting tensor has 2n open indices that we contract with
an appropriate tensor structure, see [5–7, 10] and [8, 9]
for details. The resulting structure then depends on the
momenta of the n + m external legs of the respective
couplings. For the two couplings mentioned above, we
use a symmetric momentum configuration, where we set
the angles between each pair of momenta to 2pi/3 and the
magnitude of the momenta to p. The couplings in a vertex
expansion are actually momentum-dependent functions.
For the analytic results, we project at p = 0 to instead
model them by a single number. For the numerical results,
we instead utilise a bilocal projection at p = 0 and p = k
as in [5–7, 10]: This projection is motivated by the fact
that the momentum integrals are peaked at p ≈ k. Hence
this momentum regime is more important for quantita-
tive accuracy and partially also for capturing qualitative
features of the flow of correlation functions. The bilocal
projection partially captures the global momentum de-
pendence. It has been tested successfully against the fully
momentum-dependent results in [5–7, 10].
To define our truncation, we start from an Einstein-
Hilbert action that is accompanied by a gauge fixing and
ghost action, and a canonical kinetic term for the scalar
fields,
S = − 1
16piGN
∫
d4x
√
g (R− 2Λ) + Sgf + Sgh
+
1
2
Ns∑
i=1
∫
d4x
√
ggµν∂µϕ
i∂νϕ
i . (10)
We use the standard Faddeev-Popov gauge fixing proce-
dure, with gauge fixing action
Sgf =
1
2α
∫
d4x
√
g¯ Fµg¯
µνFν ,
Fµ = ∇¯νhµν − 1 + β
4
∇¯µhνν . (11)
We specialise the background metric to a flat Euclidean
one, g¯µν = δµν , and work with the values α = 0 and
β = 1 for the gauge parameters. This is a fixed point of
the RG flow [102], as are all combinations α = 0 and β.
This choice of gauge parameters is technically favourable
5on a flat background since the poles of all modes of the
classical graviton propagator coincide. Later in this work,
for the level-one improvement, we also resort to the gauge
choice α = β = 0.
Next we insert the linear parameterisation (1) into
the above action and subsequently expand the Einstein-
Hilbert action up to fifth order and the kinetic term of
the scalar up to the third order in the fluctuation field
hµν . Taking into account that all field monomials in the
action evolve independently under the RG dynamics due
to the breaking of diffeomorphism invariance, we intro-
duce a separate dimensionful coupling for each vertex
and denote it by G¯(nh,nϕ). We also distinguish between
different avatars of the cosmological constant, introducing
a dimensionful graviton mass parameter µ¯ associated to a
mass-like term in the graviton propagator, and couplings
λ¯n associated to the momentum-independent part of the
n-graviton vertex. In our approximation, the vertex func-
tions are written as Einstein-Hilbert tensor structures
with the appropriate substitutes of the cosmological and
Newton constant
Γ
(0,n,m)
k = S
(0,n,m)(p; Λ→ Λn, GN → G¯(n,m)) . (12)
Here, p = (p1, . . . , pn+m) denotes the momenta of the ex-
ternal fields. Note that the pure gravity terms in (12) are
proportional to G¯
n/2−1
(n,0) while the gravity-matter terms
are proportional to G¯
n/2
(n,m>0). Furthermore, (12) is pro-
portional to Z
n/2
h Z
m/2
ϕ due to the rescaling of the fluctu-
ation fields, see (1). This construction together with the
choice of regulator assures that the wave-function renor-
malisations only enter via the corresponding anomalous
dimensions ηi. These are defined via
ηi(p
2) := −∂t lnZi(p2) . (13)
Schematically the scale dependent action reads
Γk[g¯, h, ϕ] = Γ
(0,0,0)
k [g¯] + Γ
(0,1,0)
k [g¯]h
+
1
2
Γ
(0,2,0)
k [g¯]h
2 +
1
3!
Γ
(0,3,0)
k [g¯]h
3 (14)
+
1
2
Γ
(0,0,2)
k [g¯]ϕ
2 +
1
2
Γ
(0,1,2)
k [g¯]hϕ
2 + . . . ,
where we suppress contributions coming from ghost fields
to improve readability. The ghost two-point function and
the ghost contributions to the running of other n-point
functions are taken into account in our work.
In truncations one challenge is to find a way to consis-
tently close the infinite tower of flow equations for the
vertices. Such a consistent closure is expected to lead to
an enhanced robustness of the truncation. Specifically
the flow of an n-point vertex depends on the n+ 2-point
vertices. We explicitly evaluate the flow of couplings with
n ≤ 3 and equate the higher-order couplings G(4,0), G(5,0),
G(2,2) and G(3,2) as well as λ4 and λ5 with the lower-order
couplings.
In summary we compute and evaluate the coupled flow
equations of the scale dependent dimensionless quantities
λ¯, G¯, µ, λ3, G(3,0), G(1,2), ηh(p
2), ηϕ(p
2), ηc(p
2) .
(15)
The background couplings λ¯ and G¯ do not enter the flow
and thus do not affect the fluctuation couplings. Their
flow equations are analytic and derived using the York-
decomposition [103, 104] with field redefinitions [28, 64].
The explicit pure gravity flow equation for our gauge is
displayed in [6, 51]. The Ns-dependent part is gauge inde-
pendent and thus equal to, e.g. [70]. The flow equations
for µ and λ3 are also analytic and agree with [7] (the
coupling G(1,2) has to be disentangled from G(3,0) in the
appropriate terms). The momentum dependence of the
Newton couplings, G(3,0) and G(1,2), and the anomalous
dimensions, ηh and ηϕ, is of importance and thus, follow-
ing the discussion in [5–7, 10], it is preferable to evaluate
these at finite momentum, which does not allow for ana-
lytic equations. Nevertheless the analytic version of these
flows leads to qualitatively reliable results. The analytic
and momentum-dependent versions of G(3,0), ηh, and ηϕ
agree with [7]. Again G(1,2) has to be distinguished from
G(3,0). The analytic version of G(1,2) is the same as in [9]
while the momentum-dependent version is derived for the
first time in this work.
The bilocal projection prescriptions for the Newton
couplings lead to
βG(3,0) =
(
2 + 3ηh(k
2)
)
G(3,0)
− 24
19
(
ηh(k
2)− ηh(0)
)
λ3G(3,0)
+ (32pi)2
64
171
G
1/2
(3,0)
×
(
Flow
(hhh)
tt,G(3,0)
(k2)− Flow(hhh)tt,G(3,0)(0)
)
,
βG(1,2) =
(
2 + ηh(k
2) + 2ηϕ(k
2)
)
G(1,2)
+
8
3
G
1/2
(1,2) Flow
(hϕϕ)
tt,G(1,2)
(k2) . (16)
Here, the notation tt, G(3,0)/G(1,2) indicates a contraction
of the right-hand side of the Wetterich equation with the
projection operator onto the corresponding coupling as
in [6, 7]. By Flow
(hhh)
tt,G(3,0)
(k2) we refer to the right-hand
side of the Wetterich equation, projected on three exter-
nal hµν legs, each contracted with a transverse projector,
and evaluated at the external momentum set to p2 = k2.
The prefactors such as 2419 or (32pi)
2 64
171 arise from the
contraction of the respective tensor structures with the
projection operators. For βG(3,0) they are identical to
[5–7] and for βG(1,2) to [8] up to a rescaling of hµν . The
argument of Flow(x) denotes the magnitude of the exter-
nal momenta on the right-hand side, which are set to the
momentum-symmetric point. Thus Flow
(hhh)
tt,G(3,0)
(0) is the
right-hand side of the Wetterich equation projected onto
6contributions with three external gravitons and evaluated
at vanishing external momentum. Due to the shift symme-
try in the scalar sector, Flow
(hϕϕ)
tt,G(1,2)
(0) = 0. Note further
that we compute the momentum-dependent anomalous
dimensions with the approximation that we evaluate the
anomalous dimension at p2 = k2 if it appears in an inte-
gral, see [7] for a discussion of this approximation.
For the derivation of e.g. the Flow-expressions in (16) we
used the symbolic manipulation system FORM [105, 106]
as well as the FormTracer [107] to trace diagrams.
IV. EFFECTIVE UNIVERSALITY FOR THE
DYNAMICAL COUPLINGS
To address our first key question, we compare the β-
functions and fixed-point results for the dynamical system
including G(3,0), G(1,2), µ and λ3. The λn and in particu-
lar µ = −2λ2 play a special roˆle due to the convexity of the
effective action. To see this consider the effective action
for classical gravity. It is the double Legendre transform
of the classical action. Accordingly, for positive cosmolog-
ical constant it only agrees with the classical action for
large enough curvature. Thus, even for a diffeomorphism-
invariant action, the λn are not necessarily the same. In
summary, in the reduced system under investigation ef-
fective universality may only hold directly for G(3,0) and
G(1,2) even if it is fully present. This leaves us with the
two avatars of the Newton coupling while µ and λ3 should
be evaluated in dependence of G(3,0) and G(1,2) on a given
trajectory.
Effective universality is necessarily broken at a finite
cutoff scale as the regulators break diffeomorphism in-
variance. Accordingly it cannot hold quantitatively for
all cutoff scales. It may hold at k → 0, and potentially
at k → ∞. While the former physical case is evident,
the latter case deserves some explanation: in the physics
limit at k = 0 and for momentum scales p  MPlanck
we are in the scaling regime of the UV fixed point. If
effective universality holds for k = 0, we have in particu-
lar G(3,0)(p
2) ≈ G(1,2)(p2). If we now increase the cutoff
scale, the scaling couplings are only changed for p2 ≈ k2,
i.e. the flows are local in momenta. Accordingly, the high-
momentum behaviour of G(i,j)(p
2) can only be changed
at large k, where one already probes the scaling regime.
Then, self-similarity in the scaling regime entails that
k-scaling and p-scaling agree. Hence, physical effective
universality at k = 0 translates into effective universality
of the cutoff-dependent couplings in the scaling regime.
We shall see that G(3,0) and G(1,2) indeed feature a semi-
quantitative effective universality on scaling trajectories
close to the UV fixed point.
A. Effective universality at the fixed point
We solve the flow equations of the fully coupled fluc-
tuation system, G(3,0), G(1,2), µ and λ3, identifying all
0 10 20 30 40 50
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0
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2
3
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µ∗
λ∗3
G∗
(3,0)
G∗
(1,2)
Figure 1. Fixed-point values for the fluctuation couplings as a
function of Ns. The vertical lines at Ns ≈ 17.5 and Ns ≈ 44.6
show where ηh(0) and ηh(k
2) exceed two, respectively.
higher-order gravity couplings with G(n≥3,0) = G(3,0)
and λn≥3 = λ3, and all graviton-scalar couplings with
G(n,m≥2) = G(1,2). The β-functions of the Newton cou-
plings are given schematically in (16).
The resulting fixed-point values are shown in Fig.1. We
observe that both Newton couplings have similar fixed-
point values that increase with Ns. The couplings µ and
λ3 remain approximately constant as a function of Ns.
This already shows a qualitative effective universality for
G(3,0) and G(1,2) that supports the reliability of computa-
tions where this property is used. The similar behaviour
of the two avatars of the Newton coupling for all Ns and
the Ns-independence of µ and λ3 suggests to first perform
a detailed analysis at a fixed Ns and then a subsequent
one of the Ns-dependence. For the first part of the anal-
ysis we choose Ns = 0. This is in complete analogy to
the quenched approximation in QCD, where one drops
all closed quark loops. In the present case it amounts
to dropping all closed scalar loops. This does not imply
the complete absence of scalar fluctuations, as they still
appear in diagrams with internal scalar and graviton lines,
i.e. in the diagrams of the G(1,2) flow.
B. Effective universality for quenched quantum
gravity
In the quenched limit, Ns = 0, a quantitative self-
consistency analysis reveals an even more interesting prop-
erty than the mere similarity observed in Fig.1. To that
end we remind ourselves that the bilocal projection used
in the present fixed-point computation is based on ob-
servations in the pure gravity system in [5, 6] for G(3,0)
and G(4,0). In particular in [6] it was shown that the
momentum dependence of the coupling G(3,0) and G(4,0)
related to the curvature term R is quantitatively given
by a linear p2-dependence. The four-graviton vertex has
an additional p4-dependence related to the R2-term, no
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Figure 2. Displayed are the momentum-dependent Newton couplings evaluated on the quenched bilocal fixed point using effective
universality for the momentum-independent couplings, see (17). Left: p2
√
G(3,0)(p2) and p
2
√
G(1,2)(p2)− k2
√
∆G(1,2)(k2), see
(19). The black lines guides the eye and corresponds to the bilocal approximation p2
√
G bl(3,0). Right: p
2
√
G(1,2)(p2) as well as
local and bilocal approximations to the momentum dependence of it.
higher-order momentum-dependence is present, for more
details see [6]. These properties are based on non-trivial
cancellations between diagrams based on diffeomorphism
invariance. This situation suggests the following self-
consistency analysis of effective universality for G(3,0) and
G(1,2): assume that effective universality works quantita-
tively at the fixed point, that is
G~n = G with G = G(3,0) , (17)
for all avatars of the Newton coupling. The self-
consistency of (17) is tested quantitatively by evaluating
the momentum-dependent β-functions βG(3,0) and βG(1,2)
on (17) and the approximatelyNs-independent fixed-point
values µ∗ and λ∗3. Solving the momentum-dependent β-
functions, cf. (16), for the momentum-dependent cou-
plings on the bilocal fixed-point values leads us to
p2
√
G(3,0)(p2) ' − 64
171
(32pi)2
× Flow
(3,0)(p2)− Flow(3,0)(0)
2 + 3ηh(p2)
∣∣∣∣∣
G∗,µ∗,λ∗3
,
p2
√
G(1,2)(p2) ' −8
3
Flow(1,2)(p2)
2 + ηh(p2) + 2ηϕ(p2)
∣∣∣∣
G∗,µ∗,λ∗3
.
(18)
Note that ηϕ(p
2) = 0 in the chosen gauge, β = 1 and
α = 0. The momentum-dependent fixed-point couplings
are shown in Fig.2. There we have shifted p2
√
G(1,2)(p2)
by a constant in order to make the quantitatively coin-
ciding linear dependence for p2 & 0.3 k2 apparent, see
(20) evaluated at p2 = k2 for the definition of the shift.
This coincidence is a non-trivial consequence of the dif-
ferent contributions of µ and λ3 to both β-functions. It
entails effective universality on the quantitative level. The
deviation from effective universality at small momenta
may have two different sources: first we expect that the
regulator-induced breaking of effective universality is max-
imal at low momenta in comparison to the cutoff scale. A
second source of the deviation may be the graviton mass
scale in the graviton propagators, and could be related to
the convexity-enforcement at work in the effective action.
Typically the momentum dependence of p2
√
G(1,2)(p2)
is studied in terms of a derivative expansion about p2 = 0.
For our results this corresponds to a small p2-term
and large p4 and p6-terms. This suggests an interpre-
tation of the present results as the dominant genera-
tion of higher-order couplings such as
√
gRµνϕ∇µ∇νϕ.
On the other hand, an expansion about a momentum
p2 & 0.3 k2 leads to a p2-coefficient of the same order as
in the three-graviton vertex, which supports the emer-
gence of effective universality. At the same time the
higher-order momentum coefficients of the expansion
p2 & 0.3 k2 are typically smaller by a factor three in
comparison to the leading one. The expansion about
p = 0 and its interpretation as higher-order operators
hinges on a diffeomorphism-invariant expansion of the
effective action deep in the regime where the regulator
spoils diffeomorphism-invariance. Interestingly, the mo-
mentum dependence of p2
√
G(3,0)(p2) has a much clearer
interpretation: the p2-term is rather independent of the
projection scheme.
This discussion and the highly non-trivial result of
quantitative effective universality in Fig. 2 suggests to
take a closer look at how well local and bilocal approxi-
mations capture the full momentum dependence and how
they accommodate effective universality. Accordingly,
we close this section on quenched quantum gravity with
a discussion and evaluation of different approximation
schemes.
81. Quantitative bilocal schemes
The full momentum dependences of the Newton cou-
plings are well approximated by using the bilocal result
for the three-graviton coupling, G bl(3,0), and by G
bl
(3,0) with
an additional interpolating piece for the scalar-graviton
coupling. This amounts to
p2
√
G quant(1,2) (p
2) := p2
√
G bl(3,0) + k
2
√
∆G(1,2)(p2) , (19a)
with√
∆G(1,2)(p2 & 0.3 k2) =
√
G(1,2)(k2)−
√
G bl(3,0) ,
∆G(1,2)(0) = 0 , (19b)
and ∆G(1,2)(p
2) interpolates between these two values in
the interval 0 ≤ p2 . 0.3 k2, see Fig. 2. The accurate
determination of this interpolation at small momenta
p2 . 0.3 k2 is numerically irrelevant as these momenta
are suppressed in loops due to the p3-factor from the
integration measure.
We can make maximal use of the numerical irrelevance
of the low-momentum regime with p2 . 0.3 k2 and drop
the non-linear piece altogether. This amounts to√
∆G(1,2)(p2) =
√
G(1,2)(k2)−
√
G bl(3,0) , (20)
see also Fig. 2. In this approximation of the vertex
p2
√
G(1,2)(p2) does not vanish at p
2 = 0, which breaks
shift symmetry. However, the approximation scheme
never uses this information effectively restoring shift sym-
metry.
2. Qualitative bilocal schemes
A simpler approximation is dropping ∆G(1,2) com-
pletely, ∆G(1,2) ≡ 0. With (19a) this leads to
G qual(1,2) = G
bl
(3,0) . (21)
This leads to explicit shift symmetry in (19) but also
triggers up to a ∼ 20% deviation in the results of the
respective diagrams proportional to G(1,2). This approxi-
mation has been used with ∆G(n,m) = 0 for all n,m in
(19) in matter-gravity systems in [7, 10, 108], and the
results there receive now support by effective universality
in the scalar-gravity system.
The final variant of the bilocal scheme is the standard
bilocal approximation for G(1,2). Using shift symmetry
with p2
√
G(1,2)(p2)
∣∣∣
p2=0
= 0, we are led to
G bl(1,2) = G(1,2)(k
2) , (22)
for the respective coupling see the right panel of Fig.2. It
is up to ∼ 20% bigger than G(1,2)(p2) in the numerically
relevant regime with p2 & 0.3 k2. Accordingly, it has a
quantitative error of about this size but maintains explicit
shift symmetry. Note also that it is ∼ 20% smaller than
the slope of p2
√
G(1,2)(p2) for p
2 & 0.3 k2 where effective
universality takes place. This is the approximation we
used for the fixed-point results in Fig. 1 and also use
later in Sec. IV D. Based on these observations we call
a deviation from effective universality of up to 20% a
semi-quantitative agreement of the β-functions.
3. Derivative expansions
A derivative expansion is a local expansion in momenta.
The expansion point is either chosen for analytic and
numerical convenience or in order to optimise the con-
vergence to the full result. Analytic convenience singles
out p2 = 0 as this allows for analytic flow equations for
specific regulators such as the Litim regulator [109, 110]
or the sharp cutoff.
Good convergence is usually achieved with an expansion
about the momentum value where the integrands in the
flow peak. This typically is a momentum close to the
cutoff scale, p2 ≈ k2, leading to
√
G der-k(1,2) =
√
G(1,2)(k2) + p
2 ∂
√
G(1,2)(p2)
∂p2
∣∣∣∣∣
p2=k2
.
(23)
In the present case this has the additional benefit that it
also includes a good estimate of the linear piece of the
G(1,2) avatar of the Newton coupling, see the right panel
of Fig.2. Qualitatively is is in the same ballpark as the
quantitative bilocal approximation with (20) described in
Sec. IV B 1.
It is left to discuss the standard derivative expansion
with the expansion point p2 = 0 with
G der-0(1,2) = G(1,2)(0) . (24)
We note that the non-trivial momentum dependence of the
vertex p2
√
G(1,2) at small momenta p
2 → 0 casts some
doubt on the naive use of derivative expansions in quan-
tum gravity. Moreover, the analysis of the momentum-
space expansion about p2 = 0 also applies to curvature
expansions as used in the background-field approxima-
tion. Hence the current reliability discussion translates to
computations within the background-field approximation.
Clearly, approximating G(1,2) by the derivative of
p2
√
G(1,2)(p2) at p
2 = 0 leads to a significant deviation
(factor ∼ 20) of the resulting coupling from the full result
in the numerically relevant regime for p2 & 0.3 k2. This
issue has been already discussed in [5, 6] for pure quantum
gravity, where the deviation is smaller. This is already
visible from the full momentum-dependence of G(3,0) in
Fig.2. Still, this scheme captures all qualitative aspects
of the current system.
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Figure 3. Ns-derivative of the momentum-dependent β-functions (left) and Newton couplings (right) evaluated on the bilocal
fixed point for Ns = 0.
C. Effective universality for unquenched quantum
gravity
The quantitative self-consistency analysis in Sec. IV B
above was done at Ns = 0. Now we study the Ns-
derivative at Ns = 0. This gives us a sum of the different
terms that show up with a linear Ns-dependence that
comes from closed scalar loops. If this sum again shows
a behaviour as seen in Fig. 2, this indicates the persis-
tence of quantitative effective universality for all Ns. An
analysis for large Ns is hampered by the strongly rising
Newton couplings: we hit the reliability bounds of the
approximation before the Ns-effects become dominant.
Thus our analysis is sufficient at the current level of the
approximation.
We first examine the Ns-derivative of the β-functions
of the Newton couplings evaluated at the fixed point
and then study the Ns-dependence of the momentum-
dependent Newton couplings. For the Ns-derivative of
the β-functions we only take the explicit Ns-dependence
into account, whereas the Ns-dependence of the fixed-
point values is neglected. They are given by
∂Nsp
2βG(3,0)(p
2) ' 3Gp2 ∂Nsηh(p2)
+ (32pi)2
64
171
√
G∂Ns
[
Flow(3,0)(p2)− Flow(3,0)(0)
]
,
∂Nsp
2βG(1,2)(p
2) ' Gp2 ∂Nsηh(p2)
+
8
3
√
G∂NsFlow
(1,2)(p2) . (25)
This is displayed in the left panel of Fig. 3. We see
a qualitatively similar momentum-dependence of both,
∂NsβG(3,0)(p
2) and ∂NsβG(1,2)(p
2) evaluated at the fixed
point. Interestingly, the momentum slope of the two β-
functions is almost identical at p2 = 0 and at p2 = k2.
Moreover, their absolute values are one/two orders of
magnitude smaller than the quenched β-functions, see
Fig.2. Accordingly, scalars only change the system qual-
itatively for Ns & 10 − 102. This is seen in Fig. 1: the
system is basically unchanged for Ns . 20. From there
on the approximation violates reliability bounds for the
regulator with ηh ≤ 2, see [7], and should be taken with a
grain of salt. In general we observe that the β-functions
increase with increasing number of scalars, and hence also
the fixed-point values increase with Ns.
The Ns-derivative of the fixed-point dressing of the
vertices for the three-graviton coupling read
∂Nsp
2
√
G(3,0)(p2)
p2
√
G(3,0)(p2)
=
∂Ns
[
Flow(3,0)(p2)− Flow(3,0)(0)
]
Flow(3,0)(p2)− Flow(3,0)(0)
− 3 ∂Nsηh(p
2)
2 + 3ηh(p2)
, (26a)
and for the minimal scalar-graviton coupling
∂Nsp
2
√
G(1,2)(p2)
p2
√
G(1,2)(p2)
=
∂NsFlow
(1,2)(p2)
Flow(1,2)(p2)
− ∂Nsηh(p
2)
2 + ηh(p2)
,
(26b)
where the second terms on the right-hand sides of (26)
take care of the Zn/2 dressing of the n-point vertices.
The terms in the respective flow contributions from
∂NsFlow
(n,m) read
∂NsFlow =
∂
∂Ns
∣∣∣∣
G,ηh
Flow + [∂Nsηh(k
2)] ∂ηhFlow
+
3
2
∂NsG
G
Flow . (27)
The first term on the right-hand side of (27) simply counts
the number of scalars in closed scalar loops, which rises
linearly with Ns. This term vanishes for G(1,2) as its
flow has no diagram with a closed scalar loop. The sec-
ond term takes into account the Ns-dependence of the
graviton propagator as well as that of the wave-function
renormalisations in the vertices. With the present RG-
adjusted graviton regulator that is proportional to Zh,
10
this dependence is stored solely in the ηh-dependence
of the scale derivative of the regulator. The anomalous
dimension ηh has a linear Ns-dependence proportional to
the closed scalar loop for the graviton propagator. To-
gether with the closed scalar loop for G(3,0) it gives the
Ns-dependence at one-loop. For universal couplings such
as the gauge couplings in the Standard Model these terms
provide the universal Ns-dependence of the couplings.
The additional terms account for the typical resum-
mations present in FRG computations: an additional
contribution in the ∂Nsηh-derivative takes into account
the Ns-dependence of the fixed-point coupling. The third
term takes into account the Ns-dependence of the fixed-
point coupling from the prefactor G3/2 in all the diagrams.
Further terms are present that take into account the Ns-
dependence of µ and λ3, which are dropped in the present
analysis as they are approximately Ns-independent at the
fixed point, see Fig.1.
This leads us to the right panel of Fig. 3, which
displays the Ns-derivative of the fixed-point couplings
p2
√
G(3,0)(p2) and p
2
√
G(1,2)(p2). The momentum de-
pendence encodes an intriguing structure. First of all
the quantitative effective universality present in Fig.2 is
not found. Still, the Ns-dependences have the same size,
which explains the similar growth in Fig.1. Note that this
similarity is even better for the momentum regime relevant
in the loop integrals with p2 ≈ k2, so fully momentum-
dependent or bilocal approximations take account of this
fact.
The momentum-dependence in the right panel of Fig.3
is not reflected fully by a linear function in p2. This
suggests that higher-order terms are generated by the
unquenching terms, i.e. the closed scalar loops. We em-
phasise that the momentum-dependence in the right panel
of Fig. 3 is a superposition of Fig. 2 and the left panel
of Fig.3. In the latter figures the momentum slopes did
agree well in the momentum regime p2 ∼ k2. Conse-
quently, also the absolute difference in the momentum
slopes at p2 ∼ k2 is small in the right panel of Fig. 3.
However, the relative difference in the momentum slope is
large. Note that values of the resummed Ns-derivative of
the momentum-dependent fixed-point vertices in the right
panel of Fig. 3 are even an order of magnitude smaller
than the Ns-derivative of the momentum-dependent β-
functions in the left panel of Fig. 3. Thus one might
potentially interpret our result as indicating that the
Ns-dependence of the momentum-dependent fixed-point
vertices is actually compatible with zero.
As in the quenched scalar-gravity system we now discuss
the relation of the momentum-dependent vertex function
to diffeomorphism-invariant operators by Taylor expand-
ing about vanishing momentum. Again, this hinges on
the existence of a diffeomorphism-invariant expansion in
the deep UV, where the regulator is expected to spoil
diffeomorphism-invariance. Nonetheless it is worthwhile
to examine the overlap of operators with vertex functions
and to check, which inclusion of operators might restore
effective universality in the unquenched sector.
The p2-terms in G(3,0) and G(1,2) stand for the curva-
ture scalar
√
gR and kinetic term
√
gϕ∆gϕ, respectively.
The p4-terms in G(3,0) and G(1,2) relate to
√
gR2µν and√
gRµν ϕ∇µ∇νϕ terms respectively, see, e.g. [9, 56]. Note
also that our projection has no overlap with
√
gR2 and√
gRϕ∆gϕ. The
√
gR2 term is generated with a coupling
of the same order of magnitude as G(3,0) already in the
Einstein-Hilbert truncation, see [6], and it is only our
projection that has no overlap with it. In turn, the R2µν
coupling generated by the Einstein-Hilbert truncation is
compatible with zero, see also Fig.2. The present finding
suggests that the unquenching effects due to the closed
scalar loops generate corrections of the G(3,0)-avatar of
the Newton coupling as well as an R2µν coupling of a
comparable size. The generation of the latter is par-
ticularly intriguing as the respective term is not gener-
ated in quenched scalar-gravity systems. Consequently, it
might be worthwhile to investigate effective universality
in the unquenched scalar-gravity-system in the presence
of
√
gR2µν and
√
gRµν ϕ∇µ∇νϕ operators.
D. Effective universality beyond the fixed point
The intriguing result displayed in Fig.2 has shown that
effective universality holds quantitatively at the fixed
point within the Ns-range of validity of the current ap-
proximation. As argued in the beginning of Sec. IV, we
expect effective universality to only hold in the vicinity of
the fixed point, that is on given trajectories for k →∞,
and, if present, for all momenta at k → 0.
Such a scenario suggests an approximation that utilises
effective universality also for finite cutoffs as the related
error disappears at k = 0 and k →∞. Here we investigate
the question how it fares away from the fixed point. For
the sake of simplicity we do not resort to the quantitative
bilocal scheme described in Sec. IV B 1, but to the qualita-
tive bilocal scheme described in Sec. IV B 2 with (22). If
evaluating the β-functions on (17) and on the fixed point
values of µ and λ3 we obtain
βG(3,0)
∣∣∣
µ∗,λ∗3
= 2G− (3.4− 0.013Ns)G2 +O(G3) ,
βG(1,2)
∣∣∣
µ∗,λ∗3
= 2G− (2.7− 0.0085Ns)G2 +O(G3) .
(28)
In (28) we have used the fixed-point values of µ and λ3
at Ns = 0, as they are almost Ns-independent (cf. Fig.1).
The coefficients of the β-functions (28) do not feature
an effective universality. This is caused by the missing
offset in (19) at momenta p2 & 0.3 k2 required for the
quantitative agreement, as explained in Sec. IV A.
As our further investigation of effective universality is
based on the β-functions in (28) we confirm here that the
qualitative nature of the present approximation scheme
discussed in Sec. IV B 2 below (22) already explains all
the deviations in (28): The Ns-independent terms should
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Figure 4. The regions in which ε < 1
5
(ε < 1
3
; ε < 3
4
)
are marked in dark (light, dashed contour; lighter, dotted
contour) colours for Ns = 1 and G → 0. The green (red)
colour indicates ∆βG < 0 (∆βG > 0). The two green regions
are centred around a white line where ε = 0. The bilocal UV
fixed point is indicated by a white dot. The area is almost
Ns independent, as are the fixed-point values of µ and λ3
(cf. Fig. 1).
be subject to underestimating the slope of p2G∗(1,2) in
the regime p2 & 0.3 k2 where effective universality takes
place, see Fig.2. Accordingly, this part of βG(1,2) should
be ∼ 20% smaller than that of βG(3,0) and their ratio
should be ∼ 0.8. From (28) we obtain 2.7/3.4 = 0.79.
In the Ns-dependent part we did not find full effective
universality, cf. Fig.3. However the coefficients of these
terms are two orders of magnitudes smaller than the pure
gravity terms and thus they do not affect the present
discussion within the Ns-range of validity of the current
approximation, i.e. for Ns < 50.
In summary, (28) fully reflects the quantitative uni-
versality in the given bilocal approximation precisely by
its semi-quantitative or qualitative pattern. This has to
be kept in mind if evaluating deviations from effective
universality within this approximation.
Now we proceed with this evaluation by devising a
measure of the breaking of effective universality. It is a
property of the anomalous part ∆β of the β-function,
∆βG(i,j) = βG(i,j) − 2G . (29)
As a measure of effective universality we use the relative
error between the scaling of two avatars of the coupling
evaluated under the assumption of universality, that is
G~n = G for the avatars of the Newton coupling. In the
present case this reads
ε(G,µ, λ3, Ns) =
∣∣∣∣∣∆βG(3,0) −∆βG(1,2)∆βG(3,0) + ∆βG(1,2)
∣∣∣∣∣
G~n=G
. (30)
In the simplest case of effective universality ε is zero. In
the present non-trivial realisation we have a breaking
pattern for small momenta, see Fig. 2. In the presence
of such a breaking ε = 0 does indeed indicate a small
violation of effective universality, while a small value might
indicate its full quantitative presence.
Further we observe, that for ε < 1 the anomalous parts
of the β-functions have the same sign, and different signs
for ε > 1. In the limit G→ 0 we compare the G2-terms
as displayed in (28). The definition (30) also allows to
separately compare the gravity and scalar contributions
by taking the limits Ns → 0 and Ns →∞, respectively. It
does, however, not distinguish between anomalous parts
of a β-function that allow for a UV fixed point at positive
Newton coupling (∆β < 0) and that do not (∆β > 0).
In Fig.4 we show the regions in the (µ, λ3)-plane where
effective universality is realised for the coupling G(3,0)
and G(1,2). In particular we display the regions in which
ε < 15 and ε <
1
3 for Ns = 1 and G → 0. We further
distinguish between regions that allow for a UV fixed point
(∆β < 0, green colour) and regions that do not (∆β > 0,
red colour). We observe that effective universality and a
UV fixed point is only allowed in two regions: this first
is for negative µ and small λ3 ≈ 0.1. In fact our fixed-
point values for µ and λ3 lie in this region of effective
universality. In Fig.4 it is marked by a white dot. The
other region is at positive µ and large λ3 > 0.5. At
positive µ and negative λ3 there is another region that
allows for effective universality but not for a UV fixed
point at positive Newton coupling. Fig.4 highlights that
the common realisation of effective universality and a UV
fixed point is highly non-trivial.
As effective universality is restored exactly at the fixed
point, i.e. if µ and λ are set to their fixed-point values in
βG(3,0) and βG(1,2) , the critical exponents do not reflect
effective universality: the real parts of the relevant critical
exponents actually feature distinct dependencies on Ns,
cf. Fig.5. In particular, the eigendirection which has most
overlap with G(1,2) increases in relevance for increasing
Ns. On the other hand, two superpositions of G(3,0) and
µ form two relevant eigendirections, both of which become
less relevant as Ns is increased.
E. Effective universality in commonly used
approximations
It is useful to investigate in which commonly used
approximation effective universality survives. We have
already observed that in our truncation a derivative expan-
sion spoils effective universality for the Ns-independent
part, cf. Fig.2, and it also does not hold anymore away
from the fixed point, cf. Fig.4. We now take a closer look
at the Ns-dependent part, where from the left panel of
Fig.3 we already infer that a derivative expansion works
rather well.
At µ = 0 = λ3 and evaluated with a derivative ex-
pansion at p2 = 0, the flow equations for the dynamical
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Figure 5. Critical exponents of the UV fixed point as a
function of Ns, see Fig. 1 for the fixed-point values. The
colours of the critical exponents indicate with which coupling
the corresponding eigenvector has the largest overlap. The
vertical lines at Ns ≈ 17.5 and Ns ≈ 44.6 show where ηh(0)
and ηh(k
2) exceed two, respectively.
Newton couplings are given by the analytic expressions
βG(3,0) = (2+3ηh)G(3,0) −
833
285pi
G2(3,0)
− 43
570pi
NsG
1/2
(3,0)G
3/2
(1,2) ,
βG(1,2) = (2+ηh + 2ηϕ)G(1,2)
− 4
pi
G2(1,2) +
8
3pi
G
1/2
(3,0)G
3/2
(1,2) , (31)
where we again identified G(n≥3,0) = G(3,0) and
G(n,m≥2) = G(1,2) and set the anomalous dimension on
the right-hand side of the Wetterich equation to zero.
The graviton anomalous dimension in the canonical term
gives a leading-order contribution and thus we need to
include its Ns-dependence. With a projection at p
2 = 0
the contribution is
ηh
∣∣∣
Ns
=
1
24pi
NsG(1,2) . (32)
A projection at finite momentum changes the size of the
contribution but not the sign. The scalar anomalous
dimension does not have any Ns-dependence. We use this
together with (31) and find
βG(3,0)
∣∣∣
Ns
≈ 0.016G2Ns ,
βG(1,2)
∣∣∣
Ns
≈ 0.013G2Ns . (33)
Note that all the above Ns-dependent contributions are
gauge independent as they originate from scalar loops.
We find a good agreement between the two fluctuation
couplings βG(3,0) |Ns and βG(1,2) |Ns , having only a 16%
deviation of their coefficients.
This computation emphasises that the scalar contribu-
tion to different avatars of fluctuation Newton couplings
features a semi-qualitative agreement already in simple
truncations. This is remarkable, as the terms from the
anomalous dimension ηh differ by a factor three and the
agreement originates in a subtraction of the anomalous
dimension and the vertex flow in βG(3,0) . Moreover, the
behaviour is in agreement with that of G(1,2) in [8], where
a different choice of parameterisation and gauge was em-
ployed. This robustness with respect to (unphysical)
variations of the scheme is encouraging.
V. EFFECTIVE UNIVERSALITY FOR THE
BACKGROUND-FLUCTUATION SYSTEM
We now address our second key question and explore
whether effective universality is also present at the level
of the background Newton coupling. We first investigate
this in the full system where the fluctuation couplings
drive the flow of the background couplings and then we
turn to the background field approximation and hybrid
fluctuation-background–computations.
A. Effective universality for the background
Newton coupling
The flow of G¯ and λ¯ is driven exclusively by the fluc-
tuation couplings, their flow equations can be found in
App. A. Thus we simply insert the fixed-point value for
µ and the fluctuation-field anomalous dimensions on the
right-hand side of the Wetterich equation, evaluated at
G∗(3,0), G
∗
(1,2), µ
∗ and λ∗3.
As a function of Ns, we observe fixed-point values
for G¯∗ that track those of the fluctuation system at the
qualitative level, cf. the left panel of Fig. 6. A similar
conclusion can be drawn from the one-loop β-function for
G¯, which reads
βG¯ = 2G¯− (3.64− 0.057Ns) G¯2 . (34)
Here we have evaluated the G¯2 coefficient on µ∗, η∗h(p
2 =
k2) and η∗c (p
2 = k2) at Ns = 1, thereby neglecting an
additional Ns-dependence from the fixed-point couplings
themselves. The pure-gravity coefficient differs by 6%
in comparison to βG(3,0) , cf. (28), and the Ns-dependent
coefficient by a factor 4.4. Both signs agree with those in
the fluctuation system. The substantial deviation of the
Ns-dependent coefficient leads to a larger gap between
the fluctuation and the background avatars at large Ns.
Nevertheless, the Ns-dependent fixed-point values for all
avatars of the Newton coupling agree on the qualitative
level.
The fixed-point value of the background coupling λ¯
differs significantly from its fluctuation version, cf. the
right panel of Fig. 6. Importantly, λ¯ and λ3 can cross
the value 12 , while the graviton mass parameter µ cannot
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Figure 6. Displayed are the fixed-point values as a function of Ns. We use the fluctuation system as input on the right-hand
side of the Wetterich equation. Left: Fixed-point values of background and fluctuation Newton couplings. Right: Fixed-point
values of background and fluctuation cosmological constant. The vertical lines at Ns ≈ 17.5 and Ns ≈ 44.6 show where ηh(0)
and ηh(k
2) exceed two, respectively.
cross the pole located at µ = −2λ2 = −1. As already
discussed in the beginning of Sec. IV, we do not expect
effective universality for those couplings due to the special
roˆle of µ. This again emphasises that at least µ should be
taken from a fluctuation computation in order to obtain
robust results.
B. The fate of effective universality in commonly
used approximations
1. Background field approximation
While it is the fluctuation-field propagator that drives
the flow, we are ultimately interested in the background
effective action Γk→0[g¯µν = gµν , hµν = 0] to read off the
physics. A commonly used approximation is thus the
background field approximation, which consists in insert-
ing Γ
(2,0)
k [g¯µν = gµν , hµν = 0] on the right-hand side of the
Wetterich equation and thereby letting the background
couplings drive the flow, see also (9) and the next section
for details. Although this leads to a semi-quantitative
agreement with the full results at Ns = 0, the approxima-
tion fails to capture even the qualitative Ns dependence
correctly. While this might in principle improve in ex-
tended approximations, it casts some doubt on the use
of the background-field approximation for gravity-matter
systems at least in the case of scalar matter.
For the background Newton coupling, the flow equation
in the background-field approximation, i.e., at ηh = −2,
evaluated at λ¯ = 0 reads
βG¯ = 2G¯−
(
79
4
−Ns
)
G¯2
6pi
≈ 2G¯− (1.05− 0.053Ns) G¯2, (35)
where the signs of the coefficients still agree with those of
the fluctuation system. The failure of the background-field
approximation to correctly capture the Ns dependence in
our truncation is a consequence of the difference between
µ and λ¯. While µ∗ stays approximately constant with
increasing Ns, λ¯
∗ is driven towards larger values, thereby
enhancing gravity fluctuations and suppressing the effect
of scalar-matter fluctuations. The background cosmolog-
ical constant with fluctuation input is displayed in the
right panel of Fig.6. The growth of λ¯∗ with increasing Ns
remains the same in the background-field approximation,
but it approaches λ¯∗ = 12 asymptotically, as it cannot
cross this pole in this approximation.
2. Hybrid scheme for ηh
In a hybrid scheme, put forward in [3, 44] and employed
in the analysis of gravity-matter systems in [70], the
graviton anomalous dimension is distinguished from the
anomalous dimension of the background Newton coupling.
While ηh is evaluated as a function of the background
couplings G¯ and λ¯ in this hybrid, it can deviate from the
background-value ηh = −2, and thereby partially account
for the nontrivial anomalous dimension of the graviton. In
particular, ηh matches that of a fluctuation computation
as an expression of G and λ; the difference arises from
the insertion of different fixed-point values.
Within such a hybrid setup, a behaviour qualitatively
closer to that of the full fluctuation system was observed,
[70], i.e. the fixed-point value for Newton coupling rose as
a function of Ns. This can be traced back to a growth of
the anomalous dimension, cf. Fig.7. A strong growth of
the anomalous dimension has to be considered carefully:
the usual choice of regulators is Rk ∼ Zh, implying a
bound on the anomalous dimensions η < 2 (for bosonic
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fields) [7]. As Zh ∼ k−ηh in the fixed-point regime, ηh > 2
destroys the UV behaviour of the regulator that should
suppress all modes in the limit k →∞. For ηh > 4 signs
of diagrams in β-functions start to flip. Furthermore a
large anomalous dimension can be interpreted as a hint
at large relative cutoff scales between the different fields
of the theory [10].
We demonstrate the transition between the Ns depen-
dence of G¯∗ in the strict background-field approximation
and the hybrid scheme by setting the anomalous dimen-
sion to fixed successively increasing values, cf. Fig.7. We
investigate type-I and type-II regulators [35], see also
App. A for their definitions. Indeed the background New-
ton coupling with a type-II regulator rises as soon as
ηh > 4 and the diagrams in the β-function have flipped
its sign. For the type-I regulator this happens at ηh > 6,
as it features higher powers of (1− 2λ) in the denomina-
tor, which flip their sign only at ηh > 6. The fixed-point
results for the Newton coupling in the hybrid scheme
therefore match qualitatively with the effectively univer-
sal results of the fluctuation system.
VI. LEVEL-ONE IMPROVEMENT
In Sec. IV we found effective universality in the
(quenched) fluctuation system. This effective universality
is not present in the background system, which only shows
a qualitative, not a quantitative agreement. This moti-
vates us to investigate at which order of the fluctuation
computation effective universality sets in. In particular,
in (8) we have presented a split of the scale dependent
effective action in a diffeomorphism-invariant part and a
gauge part. Effective universality hints at a form of the
effective action such that
Γk[g¯µν , hµν , ϕ] = Γ
diff
k [gµν , ϕ] + ∆Γ
gauge
k [g¯µν ]
+ hρσ∆Γ
gauge
k,ρσ [g¯µν ] , (36)
i.e. an effective action where the gauge part is only linear
in the fluctuation field. The higher orders are sub-leading.
In this section we upgrade the background couplings
to level-one couplings with the use of Nielsen identities.
By comparing the level-one couplings to fluctuation ones,
we specifically test the importance of the term linear in
hµν in (36), i.e. ∆Γ
gauge
k,ρσ .
Furthermore, it is desirable to find simple approxi-
mations of the system that ideally do not require the
separate calculation of both background and fluctuation
flows. Therefore we study whether the background-field
approximation, upgraded to a level-one system by using
the modified split Ward identity, can qualitatively or even
quantitatively reproduce the behaviour of the full system.
A. Nielsen or split Ward identity and its
applications
We exploit the Nielsen identity (NI) or split Ward
identity (sWI) to improve upon the background-field ap-
proximation. Related derivations and applications in the
present context can be found in [111–115]. Split Ward
identities in the context of quantum gravity have also
been discussed in [17–27, 116, 117], see also [118].
With the introduction of a background field, the effec-
tive action becomes a functional of both the dynamical
fluctuation field Φ and the auxiliary background field Φ¯
Γk = Γk[Φ¯,Φ]. (37)
In the present case of gravity coupled to scalar matter
the background and fluctuation fields read
Φ¯ = (g¯µν , 0, 0, φ¯) , Φ = (hµν , cµ, c¯µ, ϕ) , (38)
respectively, where the full metric and scalar fields are
given by
gµν = g¯µν + hµν , φ = φ¯+ ϕ . (39)
In scalar theories there is no need to choose the cutoff
to depend on the background field. Thus the flowing
action is only a function of the full field φ = φ¯+ ϕ. For
the purpose of illustration, we introduce a dependence of
the cutoff on φ¯ artificially. The effective action at k = 0
is a functional of the full field φ = φ¯ + ϕ only. This is
due to the fact that the classical action has this property,
Scl[φ¯, ϕ] = Scl[φ¯ + ϕ]. The shift symmetry is broken by
the cutoff term Rk = Rk[φ¯]. The resulting difference in
the dependence on the two fields is sourced only by the
cutoff term and expressed by the NI/sWI, [111, 117]
δΓk
δφ¯
− δΓk
δϕ
=
1
2
Tr
[
δRk[φ¯]
δφ¯
Gk[φ¯, ϕ]
]
. (40)
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This equation is derived in straight analogy to the flow
equation itself (6a), which is reflected in the structural
similarities [111]. We again use the shorthand Gk for the
regularised propagator of the fluctuation field, see (6b).
For flows towards the IR where the regulator vanishes,
(40) suggests to use the background-field approximation
Γk[φ¯, ϕ] ≈ Γk[φ¯+ ϕ,ϕ = 0] , (41)
which is exact for k = 0 in the present example of scalar
theories. However, for flows towards the UV (k → ∞)
the background-field approximation is spoiled by power-
counting leading terms in the effective action. This is a
consequence of the mass-like nature of the cutoff, which
makes it power-counting UV relevant. In the following,
we do not include the scalar background field into the
regulator, thus the right-hand side of (40) is zero and we
focus on the NI for the graviton.
In gravity, and gauge theories in general, the situation
is more complicated. In this case there are two sources
for the background dependence of the effective action.
In addition to the regulator term, the second source of
background dependence comes from the gauge fixing sec-
tor Sgauge = Sgf + Sgh. Both the gauge fixing term Sgf
and the ghost term Sgh have to depend on the back-
ground field if background gauge invariance is demanded.
Thus the motivation for introducing the background field,
namely background gauge invariance, leads to a genuine
background dependence of the effective action. For our
gravity-matter system the NI (40) turns into
δΓk
δg¯µν
− δΓk
δhµν
=
1
2
Tr
[
1√
g¯
δ
√
g¯Rk[g¯]
δg¯µν
Gk[g¯, h]
]
+
〈
δSgauge[g¯, h]
δg¯µν
− δSgauge[g¯, h]
δhµν
〉
, (42)
where the regulator Rk is now a matrix in field space. The
second line in (42) originates from the background-field
dependence of the gauge fixing sector, and it survives in
the limit k → 0 if the effective action is evaluated off-shell,
but vanishes on the solution of the equations of motion
[12, 119]. In the present work we approximate (42) and
use
lim
k→∞
(
δΓk
δg¯µν
− δΓk
δhµν
)
' 1
2
Tr
[
1√
g¯
δ
√
g¯Rk[g¯]
δg¯µν
Gk[g¯, h]
]
,
(43)
where we have dropped the second line with the gauge
fixing contributions. Two arguments underlie our choice
to focus on the cutoff term: First, at the present level of
truncation it is actually possible to effectively subsume
changes in the gauge fixing under changes of the regulator:
Specifically we concentrate on momenta p2 . k2 and a
given gauge fixing S
(2)
gf (p
2). In this regime we can utilise
the generality of the regulator to effectively re-adjust it
Rk → Rk − S(2)gf (p2) r(p2/k2) + S(2)gf,diff(p2) r(p2/k2) ,
(44)
where S
(2)
gf,diff is a general gauge fixing term. Hence, with
(44) we have effectively changed the gauge fixing term
for momenta p2 . k2. If applying this procedure to the
ghost, it is only possible to change its propagator and the
interaction of the ghost with the background graviton g¯µν ,
but not that with the dynamical graviton hµν . As the
ghost terms do not take a leading roˆle in the flows, this
is negligible. In the background-field approximation, and
using the standard expansion in powers of the curvature,
the above mapping strictly holds. In summary, for the
study of different gauge fixing terms in the present ap-
proximation it suffices to study the regulator dependence
of the flow for momenta p2 . k2. In this work we refrain
from exploiting this freedom in practice.
Second, if one compares the contributions of the cutoff
term and the gauge fixing sector to the UV flow, a count-
ing argument suggests that the cutoff term dominates.
This is because it couples to all fluctuation modes of the
graviton, while the contributions of the gauge fixing sector
couple directly only to the longitudinal modes. Hence,
the transverse-traceless approximation, which focuses on
the spin-2 mode of the graviton, is only affected by the
regulator term (43).
Finally we are interested in the relation between back-
ground and fluctuation field two-point functions. To that
end we apply (δ/δg¯ρσ+δ/δhρσ) to (43) and drop the cross
terms as further approximation, which yields
δ2Γk
δhρσδhµν
− δ
2Γk
δg¯ρσδg¯µν
' (45)
− 1
2
(
δ
δg¯ρσ
+
δ
δhρσ
)
Tr
[
1√
g¯
δ
√
g¯Rk[g¯]
δg¯µν
Gk[g¯, h]
]
.
In the example of Yang-Mills theory [111, 112], the analo-
gous fluctuation field derivative of the term in the square
brackets on the right-hand side of (45) gives sub-leading
contributions. We test a similar assumption and thereby
arrive at the final approximation for the fluctuation two-
point function, which we use in order to close the flow
equation,
δ2Γk
δhµνδhρσ
≈ δ
2Γk
δg¯µνδg¯ρσ
− 1
2
δ
δg¯ρσ
Tr
[
1√
g¯
δ
√
g¯Rk
δg¯µν
Gk
]
.
(46)
This approximation has been used in gravity in [20, 116].
Apart from the standard background two-point function
it contains a second, regulator-induced term. Importantly,
it can be straightforwardly computed with heat-kernel
methods, see App. C for details.
B. Fixed-point results for level-one couplings
Our procedure provides us with a set of β-functions for
the dimensionless level-one couplings, G¯1 and λ¯1, which
are displayed in App. B. We now analyse whether the level-
one improvement leads to a system that reproduces the
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Figure 8. Fixed point values of the avatars of the Newton coupling (left panel) and the cosmological constant (right panel) as a
function of Ns in the background-field approximation (red continuous lines), in the level-one approximation (green dashed lines)
and for the fluctuation system (blue dot-dashed and light blue dotted lines).
fluctuation results more closely than the background-field
approximation.
In Fig.8 we display the fixed-point values of the fluc-
tuation, the level-one, and the background system. The
input on the right-hand side of the Wetterich equation
is fluctuation, level-one, and background couplings, re-
spectively. In Fig. 9 we present the corresponding real
parts of the relevant critical exponents. The background
and the level-one system each contain exactly two cou-
plings. Both of them are relevant and their associated
critical exponents form a complex conjugated pair. The
fluctuation system has four dynamical couplings and four
non-dynamical background couplings (background and
level-one couplings). Of the four dynamical couplings
three are relevant and one is irrelevant. Two relevant
critical exponents form a complex conjugated pair and
their real part is displayed in Fig. 9 since one can as-
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Figure 9. Real part of the relevant critical exponents as a
function of Ns in the background-field approximation (red
continuous line), in the level-one approximation (green dashed
line) and for the fluctuation system (blue dot-dashed and light
blue dotted lines).
sociate them with the couplings µ and G(3,0) by means
of the largest overlap of the corresponding eigenvector.
In Fig.10 we display the fixed-point values of the back-
ground, level-one, and fluctuation couplings with the full
fluctuation system as input on the right-hand side of the
Wetterich equation.
We observe that in pure gravity, the level-one improve-
ment leads to critical exponents that agree better with
the fluctuation results than the background-field approx-
imation, cf. Fig. 9. As a function of Ns, the fluctuation
results show a qualitatively different behaviour than the
background and the level-one results. The real parts of
critical exponents of the latter are increasing as a func-
tion of Ns while they are decreasing in the fluctuation
case and even become irrelevant at Ns ≈ 31. Neverthe-
less the level-one critical exponents are growing slower
than the background ones and thus we observe a slight
improvement.
For the fixed-point values of the Newton couplings
the level-one approximation tracks the background-
approximation in its qualitative dependence on Ns: they
are both decreasing as a function of Ns, while the fluc-
tuation Newton couplings are increasing. However the
quantitative difference between G∗(3,0) and G¯
∗
1 is smaller
than the quantitative difference between G∗(3,0) and G¯
∗,
cf. Fig.8. In the sector of the cosmological constants or
momentum-independent parts of the n-point functions,
the level-one improvement is more pronounced. While
the background cosmological constant increases strongly
and approaches the pole at λ¯ = 12 , the level-one coupling
remains almost constant and increases only slightly. The
fluctuation coupling −µ/2 also remains almost constant
but decreases slightly with Ns.
In summary the level-one approximation might be con-
sidered a slight improvement over the background-field
approximation. We have observed slight improvements
in the critical exponents and in the fixed-point values
of the Newton couplings and the cosmological constants.
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Considering however its failure to adequately capture
the fluctuation results, a level-one approximation seems
hardly justified in view of the significantly increased com-
putational effort—at least based on the results in our
truncation.
Last but not least we consider the fixed-point results
when all couplings, including the background and the
level-one coupling, are evaluated with the fluctuation cou-
plings on the right-hand side of the Wetterich equation,
cf. Fig.10. We observe that the level-one approximation
even appears to break the effective universality that was
observed for the Newton coupling: the qualitative and
quantitative dependence of G¯∗1 on Ns does not match
that of the other couplings as it first decreases with Ns
and then increases strongly. For the ‘cosmological con-
stants’, we make the opposite observation: while the back-
ground cosmological constant deviates strongly from the
Ns-dependence of the graviton mass parameter, the level-
one cosmological constant approaches it towards larger
Ns. For the canonically most relevant coupling in the
truncation, the step from the background coupling to the
level-one coupling is therefore a significant step towards
capturing the behaviour of the fluctuation coupling.
VII. SUMMARY AND OUTLOOK
In this work we have focused on two key questions
within the asymptotic safety program for quantum gravity.
Firstly, we have introduced and explored the concept
of effective universality for the dynamical couplings in
matter-gravity systems. Gauge theories always feature
several avatars of the same coupling, such as, e.g. the
quark-gluon coupling and the three-gluon and four-gluon
coupling in QCD. These couplings are related by gauge
invariance. Together with the marginal nature of these
couplings in d = 4 and the corresponding two-loop uni-
versality this offers a universal definition of the gauge
coupling.
In gravity in d = 4, the Newton coupling is dimension-
ful and a similar form of universality is therefore not to
be expected. Different avatars of the Newton coupling,
defined, e.g. from the three-graviton vertex and the scalar-
graviton vertex, are therefore by no means guaranteed
to agree. On the other hand, diffeomorphism invariance
of course implies a relation between those couplings. We
define effective universality as a quantitative agreement
of these couplings, at least at the asymptotically-safe
fixed point. In this work, the viability of this concept has
been explored in a scalar-gravity-system with Ns scalars.
We have specifically focused on the scalar-graviton cou-
pling and the three-graviton coupling. We have discov-
ered indications for effective universality in the quenched
approximation, where closed scalar loops are neglected.
Apart from a difference between the two Newton couplings
at small momenta, they show a remarkable quantitative
agreement, in particular in the most relevant range of
momenta close to the cutoff. ”Unquenching” quantum
gravity leads to Ns-dependent corrections which are sub-
leading in the tentative range of validity of our truncation.
While effective universality in the sense of a quantitative
agreement is lost, we still observe qualitative agreement
of the contributions. We have also discussed effective
universality in commonly used approximations, ranging
from bilocal schemes to the derivative expansion. We find
that effective universality even holds for the derivative
expansion of the flows about vanishing momentum, de-
spite the large quantitative deviations from the full flows.
Obtaining quantitative results requires going beyond the
derivative expansion using at least bilocal schemes.
Our results provide a justification for a commonly used
approximation, in which different avatars of the Newton
coupling are equated. In terms of exploring the conse-
quences of asymptotically safe quantum gravity within
efficient, i.e. small, truncations, effective universality is
key.
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Moreover, the emergence of effective universality at
the fixed point is a very strong indication for the physi-
cal nature of the asymptotically-safe fixed point, in the
following sense: For a truncation-induced fixed point,
there is no reason to exhibit effective universality, since
it is simply a “random” solution to a set of polynomial
equations. On the other hand, for an actual fixed point,
diffeomorphism invariance provides a mechanism to re-
store effective universality at the fixed point. In particular,
in our study, even the qualitative agreement of the beta
functions for different avatars of the Newton coupling in
the unquenched setting requires non-trivial cancellations
between different contributions to the beta functions. In
our opinion these cancellations are extremely unlikely to
randomly occur in truncation-induced fixed points.
We then have proceeded to tackle the second key ques-
tion, namely the relation of the dynamical system to the
background system. We have focused on a search for
effective universality, and discovered a qualitative agree-
ment of the beta function for the background Newton
coupling with that of the dynamical system. However,
effective universality is lost, casting doubt on the use of
the background approximation for quantitatively reliable
results. Moreover, the beta functions for the cosmological
constant and graviton mass parameter are manifestly dif-
ferent, leading to different behaviour in the two systems
at large Ns in our truncation. In practise, our results
can be read as tentatively suggesting that at least the
graviton mass parameter should always be taken from a
fluctuation calculation.
Finally, we explore whether an upgrade of the back-
ground system to a level-one system by means of the
modified Nielsen or shift Ward identity restores effective
universality. Focusing on the regulator contribution to
the Nielsen identity, we find that the level-one upgrade
is insufficient. Still, interestingly the level-one cosmo-
logical constant is the only coupling that significantly
improves towards the corresponding fluctuation result for
the graviton mass parameter.
In summary, our results yield an a-posteriori justifi-
cation for the use of relatively simple truncations that
make use of effective universality. Even more important,
the highly nontrivial signatures for effective universal-
ity in scalar-gravity systems provide further evidence for
asymptotic safety in quantum gravity.
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Appendix A: Background flow equations
In this Appendix we display the background-flow equa-
tions. We use a Litim-type regulator [109, 110] for all
fields in our setup
Rijk (p
2) = δij Γ(φiφ
∗
i )(p2)
∣∣∣
µ=0
rφi(p
2/k2) ,
r(x) =
(
1
x
− 1
)
θ(1− x) . (A1)
We employ the gauge α = β = 0 and use the Laplacian as
coarse-graining operator, i.e., a type-I regulator. In Fig.7
we also used a type-II regulator for comparisons, which
means that we used the Laplacian plus explicit curvature
terms of the two-point functions as coarse graining op-
erator, see [35] for more details on the different types of
regulators. We further employ the York-decomposition
[103, 104] for the graviton
hµν = h
tt
µν +
1
d
g¯µνh
tr + 2∇¯(µξν) +
(
∇¯µ∇¯ν − g¯µν
d
∇¯2
)
σ ,
(A2)
and the ghost
cµ = c
T
µ + ∇¯µη , (A3)
with field redefinitions according to [28, 51, 64]
ξµ → 1√
∆¯− R¯4
ξµ ,
σ → 1√
∆¯2 − ∆¯ R¯3
σ ,
η → 1
∆¯
η . (A4)
The result for the gravity part of the background flows
agrees with e.g. [6, 51] and the scalar part agrees with
e.g. [70]. The details of the computation are given in
App. C. The flow of the background couplings are given
by
∂tG¯ = (2 + ηN )G¯ ,
∂tλ¯ = −4λ¯+ λ¯
G¯
∂tG¯+ 8piG¯FlowΓ¯
∣∣∣∣√
g¯-terms
,
ηN = 16piG¯FlowΓ¯
∣∣∣∣√
g¯R¯-terms
, (A5)
where
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FlowΓ¯ =
√
g¯
32pi2
{[
5− 56ηh
1− 2λ +
1− 16ηh
1− 43λ
− 4− 2
3
ηh +
4
3
ηc +Ns(1− 1
6
ηϕ)
]
k4 (A6)
+
[
− 10
3
1− 16ηh
(1− 2λ)2 −
5
3
1− 14ηh
1− 2λ +
1
3
1− 14ηh
1− 43λ
− 23
12
− 7
18
ηh +
7
9
ηc +
1
3
Ns(1− 1
4
ηϕ)
]
k2R¯
}
+O(R¯2) .
Note that the quantities λ, ηh, ηc, and ηϕ can be taken
from the respective fluctuation two-point functions. In
this case the background couplings are non-dynamical
spectators. The usual background-field approximation is
obtained by setting λ = λ¯, ηh = ηN , ηc = 0, and ηϕ = 0.
Appendix B: Level-one flow equations
In this Appendix we display the level-one flow equa-
tions that are derived though a Nielsen identity from the
background-flow equations, see Sec. VI. We work with
the approximation
δ
δhµν
∂tΓk ≈ δ
δg¯µν
∂tΓk − ∂t
(
1
2
Tr
[
1√
g¯
δ
√
g¯Rk
δg¯µν
Gk
])
.
(B1)
Consequently we are interested in evaluating
Iµν = I g¯µν = 1
2
Tr
[
1√
g¯
δ
√
g¯Rk
δg¯µν
Gk
]
, (B2)
which gives us, combined with the background flows, the
flows for the level-one couplings. The trace appearing
in (B2) can be evaluated using heat kernel techniques.
Details of the computation are presented in App. C. The
result for I is given by
8I =
√
g¯
32pi2
{[
10
3
1
1− 2λ +
2
3
1
1− 43λ
− 8
3
+
2
3
Ns
]
k4
+
[
− 20
9
1
(1− 2λ)2 −
5
2
1
1− 2λ +
1
2
1
1− 43λ
− 71
36
+
1
2
Ns
]
k2R¯
}
+O(R¯2) . (B3)
We display the result for 8I, since the Nielsen identity en-
ters precisely with this factor in the flow equation for the√
g¯-terms as well as the
√
g¯R¯-terms. The reason for this is
that Iµν enters with a ∂t derivative, ∂t√g¯k4 = 4√g¯k4 and
∂t
√
g¯R¯k2 = 2
√
g¯R¯k2, while FlowΓ¯ enters with a δg¯ deriva-
tive, δg¯
√
g¯ = 12
√
g¯g¯µν and δg¯
√
g¯R¯ = 14
√
g¯g¯µνR¯ cf. (C10).
Consequently in both cases they combine to the factor 8
as indicated above. Note that Iµν does not contribute to
the flow equation for
√
g¯R¯2 since ∂t
√
g¯R¯2k0 = 0. This is
expected since R2 and R2µν are marginal couplings and
thus their one-loop flow equations are universal. Note fur-
thermore that in the above discussion we have neglected
terms like ∂tλ. Such terms do not change the fixed-point
values but they can influence the critical exponents.
The flow equations for the level-one couplings can now
be expressed by flow of the background couplings plus
the improvement from the Nielsen identity, to wit
∂tG¯1 = (2 + ηN,1)G¯1 ,
∂tλ¯1 = −4λ¯1 + λ¯1
G¯1
∂tG¯1 + 8piG¯1 (FlowΓ¯ − 8I)
∣∣∣∣√
g¯-terms
,
ηN,1 = 16piG¯1 (FlowΓ¯ − 8I)
∣∣∣∣√
g¯R¯-terms
. (B4)
Again, the quantities λ, ηh, ηc, and ηϕ can be taken from
the respective fluctuation two-point functions. Then the
level-one couplings are non-dynamical spectators. Other-
wise we can close the equation at the level-one couplings
by setting λ = λ¯1, ηh = ηN,1 and ηc = ηϕ = 0. The latter
is an improved background-field approximation.
Appendix C: Evaluation of traces
In this Appendix we present the computation of the
Nielsen identity from Sec. VI A. The computation of the
trace-term in (46) is the challenging part. For this we first
expand the propagator in orders of background curvature
Iµν ≡ I g¯µν := 1
2
Tr
[
1√
g¯
δ
√
g¯Rk
δg¯µν
Gk
]
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=
1
4
g¯µνTr [RkGk] +
1
2
Tr
[
δRk
δg¯µν
Gk(R¯ = 0)
]
+
1
2
R¯Tr
[
δRk
δg¯µν
G′k(R¯ = 0)
]
+O(R¯2) . (C1)
For the terms involving a background derivative of the
regulator we use that
δRk(∆¯)
δg¯µν
Gk(∆¯, R¯ = 0) =
δ∆¯
δg¯µν
∂Rk(∆¯)
∂∆¯
Gk(∆¯, R¯ = 0)
=
δ
δg¯µν
∫ ∆¯
0
dx′
∂Rk(x
′)
∂x′
Gk(x
′, R¯ = 0) , (C2)
and define the latter integral as
FRG(x) =
∫ x
0
dx′
∂Rk(x
′)
∂x′
Gk(x
′, R¯ = 0) , (C3)
where we have restricted ourselves to IR-finite regulators.
In straight analogy we manipulate the trace term with
G′ in (C1) and define
F
(1)
RG (x) =
∫ x
0
dx′
∂Rk(x
′)
∂x′
G
(0,1)
k (x
′, R¯ = 0) . (C4)
As we will see later, these terms only contribute at order
R¯2 and are thus not relevant for the present work. This
leads as to
Iµν = 1
4
g¯µν Tr [RkGk] +
1
2
Tr
[
δ
δg¯µν
FRG
]
+
1
2
R¯Tr
[
δ
δg¯µν
F
(1)
RG
]
+O(R¯2) , (C5)
where we can pull the g¯-derivative out of the trace. In
this work we have defined the trace such that we have to
there is a factor
√
g¯ involved. Thus we obtain
Iµν = 1
4
g¯µνTr [GkRk] +
1
2
δ
δg¯µν
Tr [FRG]− 1
4
g¯µνTr [FRG]
+
1
2
R¯
δ
δg¯µν
Tr
[
F
(1)
RG
]
− 1
4
g¯µνR¯Tr
[
F
(1)
RG
]
+O(R¯2) .
(C6)
We now specify these traces to their contributions in order
in the background curvature. For this we need to evaluate
the background-field derivative. Since S4 is an Einstein
manifold, and in particular
R¯µν =
1
d
R¯ g¯µν . (C7)
Applying a background-field derivative, this gives
δR¯
δg¯µν
= −1
d
R¯ g¯µν + g¯αβ
δR¯αβ
δg¯µν
. (C8)
We further know that
δR¯αβ
δg¯µν
= ∆¯ρ
δΓραβ
δg¯µν
− ∆¯α
δΓρρβ
δg¯µν
, (C9)
are total derivatives and do not contribute. In summary
we have
δ
√
g¯
δg¯µν
=
1
2
√
g¯ g¯µν ,
δ
√
g¯R¯
δg¯µν
=
1
4
√
g¯ g¯µνR¯ . (C10)
Using this for (C6) we obtain
I
∣∣∣∣√
g¯-terms
=
1
4
Tr [GkRk]
∣∣∣∣√
g¯-terms
,
I
∣∣∣∣√
g¯R¯-terms
=
1
4
(
Tr [GkRk]− 1
2
Tr [FRG]
) ∣∣∣∣√
g¯R¯-terms
.
(C11)
Remarkably the FRG-traces do not contribute to the
√
g¯-
terms and the F
(1)
RG -traces drop out completely. The latter
would contribute to the
√
g¯R¯2-order. In summary we com-
pute the traces Tr [GkRk], Tr [FRG] and Tr [Gk∂tRk]. The
latter we need for the flow of the background couplings,
which are also the basis for the level-one flow equations.
With the gauge choice β = 0 and α→ 0, the product
of GkRk is given by the sum of the contributions of the
four modes httµν , ξ
µ, htr, and σ. They are given by
(GR)htt =
rk(x)
x+ rk(x)− 2λ −
2
3
R¯
k2
rk(x)
(x+ rk(x)− 2λ)2
+O(R¯2) ,
(GR)ξ =
rk(x)
x+ rk(x)
+
1
4
R¯
k2
rk(x)
(x+ rk(x))2
+O(R¯2) ,
(GR)htr =
rk(x)
x+ rk(x)− 43λ
,
(GR)σ =
rk(x)
x+ rk(x)
+
1
3
R¯
k2
rk(x)
(x+ rk(x))2
+O(R¯2) ,
(C12)
where x = ∆¯/k2 is the dimensionless background Lapla-
cian. The vector and scalar ghost modes, c and η, respec-
tively, are given by
(GR)c =
rk(x)
x+ rk(x)
+
1
4
R¯
k2
rk(x)
(x+ rk(x))2
+O(R¯2) ,
(GR)η =
rk(x)
x+ rk(x)
+
1
3
R¯
k2
rk(x)
(x+ rk(x))2
+O(R¯2) .
(C13)
The generalisations to Gk∂tRk and Gk∂∆¯Rk are straight-
forward. Throughout this work we use a Litim-type flat
cutoff function [110]
rk(x) = (1− x) θ(1− x) . (C14)
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Table 1. Heat kernel coefficients for transverse traceless
tensors (TTT), transverse vectors (VT) and scalars (S) on S4.
TTT VT S
tr b0 5 3 1
tr b2 − 56R 14R 16R
We start with the evaluation of Tr [GkRk] and write
Tr [GkRk] =
1
16pi2
[
B0(∆¯)Q2(RkGk) (C15)
+B2(∆¯)Q1(RkGk)
]
+O(R¯2) ,
where
Qn[W ] =
1
Γ(n)
∫
dx xn−1W (x) ,
Bn =
∫
ddx
√
g¯ tr bn , (C16)
and tr bn(∆¯s) ∝ R¯n/2 are the heat kernel coefficients. We
parameterise all graviton and ghost modes from (C12)
and (C13) with the function
W (x) =
rk(x)
[x+ rk(x) + a λ]b
, (C17)
with constants a and b. This results in
Q2[W ] =
1
6
k6−2b
(1 + aλ)b
, Q1[W ] =
1
2
k4−2b
(1 + aλ)b
.
(C18)
Furthermore on the sphere we have
B0(∆¯s) =
√
g¯ tr b0 , B2(∆¯s) =
√
g¯ tr b2 ,
(C19)
where the trace coefficients are given in Tab.1. By spe-
cialising the coefficients a and b in the general expression
above and evaluating the sum over all spin modes, we
find
Tr [GkRk] =
√
g¯
16pi2
{[
5
6
1
1− 2λ +
1
6
1
1− 43λ
− 2
3
]
k4R¯0
+
[
− 5
9
1
(1− 2λ)2 −
5
12
1
1− 2λ
+
1
12
1
1− 43λ
− 7
18
]
k2R¯1
}
+O(R¯2) .
(C20)
We turn now to the evaluation of Tr [FRG], which is
evaluated in similar fashion. We write
Tr [FRG] =
1
16pi2
FRG(−∂τ )
[
B0(∆¯s) τ
−2 (C21)
+B2(∆¯s) τ
−1
]∣∣∣∣
τ=0
+O(R¯2) ,
where we used
Trf(∆¯) = f(−∂τ )Tr e−τ∆¯
∣∣∣∣
τ=0
. (C22)
In particular, by utilising the identities
1
τ2
=
∫ ∞
0
dx x e−τx
∣∣∣∣
τ=0
,
1
τ
=
∫ ∞
0
dx e−τx
∣∣∣∣
τ=0
, (C23)
one evaluates the action of the differential operators and
finds
FRG(−∂τ )τ−2 =
∫ ∞
0
dx xFRG(x) = −1
3
k6−2b
(1 + aλ)b
,
FRG(−∂τ )τ−1 =
∫ ∞
0
dx FRG(x) = −1
2
k4−2b
(1 + aλ)b
, (C24)
where the last equality in each line holds for the general
function
FRG(x) =
∫ x
0
dy
r′k(y)
(y + rk(y) + a λ k2)b
= − x
(1 + aλ)b
, for x ≤ k2 , (C25)
using the flat Litim-type cutoff as before. Specialising
the coefficients a and b for the various spin modes and
summing the contributions we get
Tr [FRG] =
√
g¯
16pi2
{[
− 5
3
1
1− 2λ −
1
3
1
1− 43λ
+
4
3
]
k4
+
[
5
12
1
1− 2λ −
1
12
1
1− 43λ
+
5
24
]
k2R¯1
}
+O(R¯2) . (C26)
The evaluated traces (C20) and (C26) allow us to compute
the corrections from the Nielsen identity (C11). The result
is displayed in (B3) where also the contribution from the
minimally coupled scalars is shown. The computation of
the latter is the same as the scalar graviton modes.
Last we evaluate Tr [Gk∂tRk]. which is done in straight
analogy to the previous traces. The heat-kernel function-
als are now parameterised with
W˜ (x) =
∂t k
2 rk(x)
[x+ rk(x) + a λ]b
. (C27)
With ∂t k
2 rk(x) = 2 k
2 rk(x) for the flat cutoff, we find
Q2[W˜ ] =
k6−2b
(1 + aλ)b
, Q1[W˜ ] =
2 k4−2b
(1 + aλ)b
. (C28)
where we have suppressed wave-function renormalisations
and anomalous dimensions for readability. The result of
summing over all spin modes is displayed in (A6).
22
[1] S. Weinberg, General Relativity: An Einstein centenary
survey, Eds. Hawking, S.W., Israel, W; Cambridge Uni-
versity Press , 790 (1979).
[2] M. Reuter, Phys. Rev. D57, 971 (1998), arXiv:hep-
th/9605030.
[3] N. Christiansen, D. F. Litim, J. M. Pawlowski,
and A. Rodigast, Phys.Lett. B728, 114 (2014),
arXiv:1209.4038 [hep-th].
[4] N. Christiansen, B. Knorr, J. M. Pawlowski, and
A. Rodigast, Phys. Rev. D93, 044036 (2016),
arXiv:1403.1232 [hep-th].
[5] N. Christiansen, B. Knorr, J. Meibohm, J. M. Pawlowski,
and M. Reichert, Phys. Rev. D92, 121501 (2015),
arXiv:1506.07016 [hep-th].
[6] T. Denz, J. M. Pawlowski, and M. Reichert, Eur. Phys.
J. C78, 336 (2018), arXiv:1612.07315 [hep-th].
[7] J. Meibohm, J. M. Pawlowski, and M. Reichert, Phys.
Rev. D93, 084035 (2016), arXiv:1510.07018 [hep-th].
[8] P. Dona`, A. Eichhorn, P. Labus, and R. Percacci,
Phys. Rev. D93, 044049 (2016), [Erratum: Phys.
Rev.D93,no.12,129904(2016)], arXiv:1512.01589 [gr-qc].
[9] A. Eichhorn, S. Lippoldt, and V. Skrinjar, Phys. Rev.
D97, 026002 (2018), arXiv:1710.03005 [hep-th].
[10] N. Christiansen, D. F. Litim, J. M. Pawlowski,
and M. Reichert, Phys. Rev. D97, 106012 (2018),
arXiv:1710.04669 [hep-th].
[11] B. Knorr and S. Lippoldt, Phys. Rev. D96, 065020
(2017), arXiv:1707.01397 [hep-th].
[12] N. Christiansen, K. Falls, J. M. Pawlowski, and M. Re-
ichert, Phys. Rev. D97, 046007 (2018), arXiv:1711.09259
[hep-th].
[13] B. Knorr, Class. Quant. Grav. 35, 115005 (2018),
arXiv:1710.07055 [hep-th].
[14] E. Manrique and M. Reuter, Annals Phys. 325, 785
(2010), arXiv:0907.2617 [gr-qc].
[15] E. Manrique, M. Reuter, and F. Saueressig, Annals
Phys. 326, 440 (2011), arXiv:1003.5129 [hep-th].
[16] E. Manrique, M. Reuter, and F. Saueressig, Annals
Phys. 326, 463 (2011), arXiv:1006.0099 [hep-th].
[17] D. Becker and M. Reuter, Annals Phys. 350, 225 (2014),
arXiv:1404.4537 [hep-th].
[18] M. Reuter and H. Weyer, Phys. Rev. D79, 105005 (2009),
arXiv:0801.3287 [hep-th].
[19] M. Reuter and H. Weyer, Phys. Rev. D80, 025001 (2009),
arXiv:0804.1475 [hep-th].
[20] I. Donkin and J. M. Pawlowski, (2012), arXiv:1203.4207
[hep-th].
[21] J. A. Dietz and T. R. Morris, JHEP 04, 118 (2015),
arXiv:1502.07396 [hep-th].
[22] M. Safari, Eur. Phys. J. C76, 201 (2016),
arXiv:1508.06244 [hep-th].
[23] P. Labus, T. R. Morris, and Z. H. Slade, Phys. Rev.
D94, 024007 (2016), arXiv:1603.04772 [hep-th].
[24] T. R. Morris, JHEP 11, 160 (2016), arXiv:1610.03081
[hep-th].
[25] R. Percacci and G. P. Vacca, Eur. Phys. J. C77, 52
(2017), arXiv:1611.07005 [hep-th].
[26] N. Ohta, PTEP 2017, 033E02 (2017), arXiv:1701.01506
[hep-th].
[27] C. M. Nieto, R. Percacci, and V. Skrinjar, Phys. Rev.
D96, 106019 (2017), arXiv:1708.09760 [gr-qc].
[28] O. Lauscher and M. Reuter, Phys. Rev. D65, 025013
(2002), arXiv:hep-th/0108040.
[29] M. Reuter and F. Saueressig, Phys. Rev. D65, 065016
(2002), arXiv:hep-th/0110054 [hep-th].
[30] O. Lauscher and M. Reuter, Phys. Rev. D66, 025026
(2002), arXiv:hep-th/0205062.
[31] D. F. Litim, Phys.Rev.Lett. 92, 201301 (2004),
arXiv:hep-th/0312114 [hep-th].
[32] P. Fischer and D. F. Litim, Phys.Lett. B638, 497 (2006),
arXiv:hep-th/0602203 [hep-th].
[33] A. Codello and R. Percacci, Phys. Rev. Lett. 97, 221301
(2006), arXiv:hep-th/0607128.
[34] P. F. Machado and F. Saueressig, Phys. Rev. D77,
124045 (2008), arXiv:0712.0445 [hep-th].
[35] A. Codello, R. Percacci, and C. Rahmede, Annals Phys.
324, 414 (2009), arXiv:0805.2909 [hep-th].
[36] D. Benedetti, P. F. Machado, and F. Saueressig, Mod.
Phys. Lett. A24, 2233 (2009), arXiv:0901.2984 [hep-th].
[37] A. Eichhorn, H. Gies, and M. M. Scherer, Phys. Rev.
D80, 104003 (2009), arXiv:0907.1828 [hep-th].
[38] A. Eichhorn and H. Gies, Phys. Rev. D81, 104010 (2010),
arXiv:1001.5033 [hep-th].
[39] K. Groh and F. Saueressig, J. Phys. A43, 365403 (2010),
arXiv:1001.5032 [hep-th].
[40] E. Manrique, S. Rechenberger, and F. Saueressig,
Phys.Rev.Lett. 106, 251302 (2011), arXiv:1102.5012
[hep-th].
[41] D. Benedetti and F. Caravelli, JHEP 06, 017 (2012),
[Erratum: JHEP10,157(2012)], arXiv:1204.3541 [hep-th].
[42] J. A. Dietz and T. R. Morris, JHEP 01, 108 (2013),
arXiv:1211.0955 [hep-th].
[43] K. Falls, D. Litim, K. Nikolakopoulos, and C. Rahmede,
(2013), arXiv:1301.4191 [hep-th].
[44] A. Codello, G. D’Odorico, and C. Pagani, Phys. Rev.
D89, 081701 (2014), arXiv:1304.4777 [gr-qc].
[45] K. Falls, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, Phys. Rev. D93, 104022 (2016),
arXiv:1410.4815 [hep-th].
[46] D. Becker and M. Reuter, JHEP 12, 025 (2014),
arXiv:1407.5848 [hep-th].
[47] K. Falls, Phys. Rev. D92, 124057 (2015),
arXiv:1501.05331 [hep-th].
[48] A. Eichhorn, JHEP 04, 096 (2015), arXiv:1501.05848
[gr-qc].
[49] K. Falls, (2015), arXiv:1503.06233 [hep-th].
[50] M. Demmel, F. Saueressig, and O. Zanusso, JHEP 08,
113 (2015), arXiv:1504.07656 [hep-th].
[51] H. Gies, B. Knorr, and S. Lippoldt, Phys. Rev. D92,
084020 (2015), arXiv:1507.08859 [hep-th].
[52] H. Gies, B. Knorr, S. Lippoldt, and F. Saueressig, Phys.
Rev. Lett. 116, 211302 (2016), arXiv:1601.01800 [hep-
th].
[53] N. Ohta, R. Percacci, and A. D. Pereira, JHEP 06, 115
(2016), arXiv:1605.00454 [hep-th].
[54] J. Biemans, A. Platania, and F. Saueressig, Phys. Rev.
D95, 086013 (2017), arXiv:1609.04813 [hep-th].
[55] N. Ohta, R. Percacci, and A. D. Pereira, Eur. Phys. J.
C77, 611 (2017), arXiv:1610.07991 [hep-th].
[56] N. Christiansen, (2016), arXiv:1612.06223 [hep-th].
[57] K. Falls, Phys. Rev. D96, 126016 (2017),
arXiv:1702.03577 [hep-th].
23
[58] S. Gonzalez-Martin, T. R. Morris, and Z. H. Slade, Phys.
Rev. D95, 106010 (2017), arXiv:1704.08873 [hep-th].
[59] C. Wetterich, Phys. Lett. B773, 6 (2017),
arXiv:1704.08040 [gr-qc].
[60] S. P. de Alwis, JHEP 03, 118 (2018), arXiv:1707.09298
[hep-th].
[61] K. Falls, C. R. King, D. F. Litim, K. Nikolakopou-
los, and C. Rahmede, Phys. Rev. D97, 086006 (2018),
arXiv:1801.00162 [hep-th].
[62] C. Wetterich, (2018), arXiv:1802.05947 [gr-qc].
[63] A. Eichhorn and A. Held, (2018), arXiv:1803.04027
[hep-th].
[64] D. Dou and R. Percacci, Class. Quant. Grav. 15, 3449
(1998), arXiv:hep-th/9707239 [hep-th].
[65] R. Percacci and D. Perini, Phys. Rev. D67, 081503
(2003), arXiv:hep-th/0207033.
[66] R. Percacci and D. Perini, Phys. Rev. D68, 044018
(2003), arXiv:hep-th/0304222.
[67] G. Narain and R. Percacci, Class. Quant. Grav. 27,
075001 (2010), arXiv:0911.0386 [hep-th].
[68] A. Eichhorn, Phys. Rev. D86, 105021 (2012),
arXiv:1204.0965 [gr-qc].
[69] T. Henz, J. M. Pawlowski, A. Rodigast, and C. Wet-
terich, Phys. Lett. B727, 298 (2013), arXiv:1304.7743
[hep-th].
[70] P. Dona`, A. Eichhorn, and R. Percacci, Phys.Rev. D89,
084035 (2014), arXiv:1311.2898 [hep-th].
[71] R. Percacci and G. P. Vacca, Eur. Phys. J. C75, 188
(2015), arXiv:1501.00888 [hep-th].
[72] P. Labus, R. Percacci, and G. P. Vacca, Phys. Lett.
B753, 274 (2016), arXiv:1505.05393 [hep-th].
[73] K.-y. Oda and M. Yamada, Class. Quant. Grav. 33,
125011 (2016), arXiv:1510.03734 [hep-th].
[74] T. Henz, J. M. Pawlowski, and C. Wetterich, Phys. Lett.
B769, 105 (2017), arXiv:1605.01858 [hep-th].
[75] C. Wetterich and M. Yamada, Phys. Lett. B770, 268
(2017), arXiv:1612.03069 [hep-th].
[76] J. Biemans, A. Platania, and F. Saueressig, JHEP 05,
093 (2017), arXiv:1702.06539 [hep-th].
[77] Y. Hamada and M. Yamada, JHEP 08, 070 (2017),
arXiv:1703.09033 [hep-th].
[78] D. Becker, C. Ripken, and F. Saueressig, JHEP 12, 121
(2017), arXiv:1709.09098 [hep-th].
[79] A. Eichhorn, Y. Hamada, J. Lumma, and M. Yamada,
Phys. Rev. D97, 086004 (2018), arXiv:1712.00319 [hep-
th].
[80] N. Alkofer and F. Saueressig, (2018), arXiv:1802.00498
[hep-th].
[81] M. Niedermaier, Class. Quant. Grav. 24, R171 (2007),
arXiv:gr-qc/0610018.
[82] D. F. Litim, Phil.Trans.Roy.Soc.Lond. A369, 2759
(2011), arXiv:1102.4624 [hep-th].
[83] M. Reuter and F. Saueressig, New J. Phys. 14, 055022
(2012), arXiv:1202.2274 [hep-th].
[84] A. Bonanno and F. Saueressig, Comptes Rendus
Physique 18, 254 (2017), arXiv:1702.04137 [hep-th].
[85] R. Percacci, An Introduction to Covariant Quantum
Gravity and Asymptotic Safety , 100 Years of General
Relativity, Vol. 3 (World Scientific, 2017).
[86] A. Eichhorn, in Black Holes, Gravitational Waves and
Spacetime Singularities Rome, Italy, May 9-12, 2017
(2017) arXiv:1709.03696 [gr-qc].
[87] U. Ellwanger, M. Hirsch, and A. Weber, Z.Phys. C69,
687 (1996), arXiv:hep-th/9506019 [hep-th].
[88] A. K. Cyrol, M. Mitter, J. M. Pawlowski, and
N. Strodthoff, Phys. Rev. D97, 054006 (2018),
arXiv:1706.06326 [hep-ph].
[89] M. M. Anber and J. F. Donoghue, Phys. Rev. D85,
104016 (2012), arXiv:1111.2875 [hep-th].
[90] C. Wetterich, Phys. Lett. B301, 90 (1993),
arXiv:1710.05815 [hep-th].
[91] U. Ellwanger, Proceedings, Workshop on Quantum field
theoretical aspects of high energy physics: Bad Franken-
hausen, Germany, September 20-24, 1993, Z. Phys. C62,
503 (1994), arXiv:hep-ph/9308260 [hep-ph].
[92] T. R. Morris, Int. J. Mod. Phys. A9, 2411 (1994),
arXiv:hep-ph/9308265.
[93] A. Eichhorn, Phys. Rev. D87, 124016 (2013),
arXiv:1301.0632 [hep-th].
[94] M. Reuter and C. Wetterich, Nucl. Phys. B417, 181
(1994).
[95] J. F. Donoghue, Phys. Rev. Lett. 72, 2996 (1994),
arXiv:gr-qc/9310024.
[96] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 96,
231601 (2006), arXiv:hep-th/0509050.
[97] A. R. Pietrykowski, Phys. Rev. Lett. 98, 061801 (2007),
arXiv:hep-th/0606208.
[98] D. J. Toms, Phys. Rev. D76, 045015 (2007),
arXiv:0708.2990 [hep-th].
[99] D. Ebert, J. Plefka, and A. Rodigast, Phys. Lett. B660,
579 (2008), arXiv:0710.1002 [hep-th].
[100] A. Rodigast and T. Schuster, Phys. Rev. Lett. 104,
081301 (2010), arXiv:0908.2422 [hep-th].
[101] E. A´lvarez, S. Gonza´lez-Mart´ın, M. Herrero-Valea, and
C. P. Mart´ın, JHEP 08, 078 (2015), arXiv:1505.01995
[hep-th].
[102] D. F. Litim and J. M. Pawlowski, Phys.Lett. B435, 181
(1998), arXiv:hep-th/9802064 [hep-th].
[103] J. J. W. York, J. Math. Phys. 14, 456 (1973).
[104] K. S. Stelle, Phys. Rev. D16, 953 (1977).
[105] J. A. M. Vermaseren, (2000), arXiv:math-ph/0010025
[math-ph].
[106] J. Kuipers, T. Ueda, J. A. M. Vermaseren, and
J. Vollinga, Comput. Phys. Commun. 184, 1453 (2013),
arXiv:1203.6543 [cs.SC].
[107] A. K. Cyrol, M. Mitter, and N. Strodthoff, Comput.
Phys. Commun. 219, 346 (2017), arXiv:1610.09331 [hep-
ph].
[108] J. Meibohm and J. M. Pawlowski, Eur. Phys. J. C76,
285 (2016), arXiv:1601.04597 [hep-th].
[109] D. F. Litim, Phys.Lett. B486, 92 (2000), arXiv:hep-
th/0005245 [hep-th].
[110] D. F. Litim, Phys.Rev. D64, 105007 (2001), arXiv:hep-
th/0103195 [hep-th].
[111] D. F. Litim and J. M. Pawlowski, JHEP 0209, 049
(2002), arXiv:hep-th/0203005 [hep-th].
[112] D. F. Litim and J. M. Pawlowski, Phys.Lett. B546, 279
(2002), arXiv:hep-th/0208216 [hep-th].
[113] J. M. Pawlowski, (2003), arXiv:hep-th/0310018 [hep-th].
[114] J. M. Pawlowski, http://www.thphys.uni-heidelberg.
de/~pawlowski/FRG/literature/review.pdf.
[115] J. M. Pawlowski, Annals Phys. 322, 2831 (2007),
arXiv:hep-th/0512261 [hep-th].
[116] I. Donkin, Diploma thesis, Heidelberg (2008).
[117] I. H. Bridle, J. A. Dietz, and T. R. Morris, JHEP 03,
093 (2014), arXiv:1312.2846 [hep-th].
[118] M. Reuter and C. Wetterich, Phys.Rev. D56, 7893
24
(1997), arXiv:hep-th/9708051 [hep-th]. [119] U. Reinosa, J. Serreau, M. Tissier, and N. Wschebor,
Phys. Lett. B742, 61 (2015), arXiv:1407.6469 [hep-ph].
